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In this paper, we study the individual’s optimal asset allocation, consumption and retirement time under 
habitual persistence. To depict the phenomenon that the individual feels equally satisfied with a lower 
habitual level and is more reluctant to change the habitual level after retirement, we assume that both 
the level and the sensitivity of the habitual consumption decline at the time of retirement. We establish 
the concise form of the habitual evolutions, and obtain the optimal retirement time and consumption 
policy based on martingale and duality methods. The optimal consumption experiences a sharp decline 
at retirement, but the excess consumption raises because of the reduced sensitivity of the habitual level. 
This result is consistent with the evidence observed in the “retirement consumption puzzle”. Particularly, 
the optimal retirement and consumption policies are balanced between the wealth effect and the habitual 
effect. Larger wealth increases consumption, and larger growth inertia (sensitivity) of the habitual level 
decreases consumption and brings forward the retirement time.

© 2021 Elsevier B.V. All rights reserved.
1. Introduction

In empirical evidence, we observe a sharp decline in the con-
sumption at retirement, which can not be explained by the clas-
sical Merton (1969, 1983) model of lifetime optimal consumption. 
Literatures explain this “retirement consumption puzzle” as the re-
sults of more household productions, less work-related expenses, 
restricted retirement incomes and ultimately the utility of leisure 
(cf. Banks et al. (1998), Bernheim et al. (2001), Hurd and Rohwed-
der (2003), Hurst (2003), Schwerdt (2005), Blau (2008)). In this 
paper, we try to establish the individual’s optimal retirement deci-
sion and consumption problem under habitual persistence and find 
the evidence consistent with the empirical results. However, it is 
still an open question that how to describe the utility of leisure in 
the new utility function under habitual persistence and prospect 
theory.

The “loss aversion” and “habitual reference dependence” are 
two pronounced behavioral regularities which are supported by 
extensive experimental and empirical observations. Recently, Cura-
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tola (2017) and Bilsen et al. (2020) explore the habitual persistence 
and the S-shaped utility of prospect theory (cf. Tversky and Kah-
neman (1992)) to depict the individual’s preference in consump-
tion. In this model, the habitual consumption formulated by the 
past consumption experience is the reference of the actual con-
sumption. Thus, the actual consumption above the habitual level 
produces positive utility, and the actual consumption below the 
habitual level produces negative utility. That is, individual suffers 
from the consumption level falling below the “habitual reference” 
and regards this circumstance as “loss”. Similar to Bilsen et al. 
(2020), we would like to study how the two behavioral regular-
ities affect the optimal consumption behaviors of the individual 
and initiate some new model settings on the leisure utility. Fur-
thermore, because the difference between the actual consumption 
and the habitual consumption could be either positive or negative, 
the CRRA (Constant Relative Risk Averse) utility is not well defined. 
Thus, the S-shaped utility of prospect theory is a more appropriate 
choice.

The habit persistence was originally studied by Pollak (1970)
and Ryder and Heal (1973). The habitual level is the weighted av-
erage of the past consumption and only the excess consumption 
produces utility. Basically, the optimization problems are divided 
into two categories according to whether the consumption can 
be lower than the habitual level. Detemple and Zapatero (1991), 
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Chapman (1998), Yu (2015) and Guan et al. (2021) study the 
optimal consumption problem under the additive habit frame-
work. And Shrikhande (1997) and Detemple and Karatzas (2003)
study the problem under the non-addictive framework. Under this 
framework, it is usually assumed that there exist the minimal con-
sumption constraints (cf. Lim et al. (2018) and Angoshtari et al. 
(2020)). We assume that the actual consumption can be lower than 
the habitual level and the downward deviation is bounded for the 
practical considerations. Echoing the fact that CRRA utility is not 
well defined in this circumstance, we explore the S-shaped utility 
of the prospect theory in this paper.

The individual’s life cycle is divided into two periods. He/She 
earns wages and makes contributions to the social endowment in-
surance before retirement, and receives benefits after retirement. 
Hence the individual’s wealth process is naturally described by 
two-step stochastic differential equations, as in Chen et al. (2018). 
For the retirement period, the individual’s income usually declines 
due to the low income replacement rate. However, the individual 
has more leisure time in this period. As such, several ways are im-
plemented to depict the utility of leisure. In Banks et al. (1998)
and Karlstrom et al. (2004), a weight parameter larger than one is 
set to the retirement consumption. This leads to a jump in the con-
sumption at retirement and contributes to explain the “retirement 
consumption puzzle”. Then, Chen et al. (2018) assume a leisure 
weight related to the retirement time and obtain interesting find-
ings.

It is still very challenging to describe the utility of leisure in 
the framework of habitual persistence and prospect theory. As dis-
cussed above, the utility defined in the framework of habitual per-
sistence and prospect theory better captures the “loss aversion” 
and “habitual reference dependence” properties of the individu-
al’s behavior. Meanwhile, according to the existing literature, the 
utility of the leisure time has important impacts on the individu-
al’s optimal choice. Thus, we try to describe the leisure utility in 
an appropriately way. If a leisure weight is simply added in the 
utility function which is the commonly used expression, it will en-
large the positive and the negative utilities simultaneously. This is 
an anti common sense result. The model setting requires that the 
positive utility will be enlarged and the negative utility will be re-
duced after retirement due to more leisure time. This requirement 
could only be met if we set different leisure weights on both sides 
of the S-shaped utility function. However, it is difficult to estimate 
the weight parameters by using the empirical data. Meanwhile, the 
relative size of the weights has important impacts on the results. 
Thus, the results will be parameter dependent and not very robust. 
From this perspective, we think that incorporating the leisure util-
ity implicitly by modifying the habit level is an appropriate way. 
Under the assumption in this paper, the same actual consumption 
will produce higher positive utility and lower negative utility af-
ter retirement. Thus, the requirement is well met. Particularly, the 
parameters to depict the variations of habitual persistence after 
retirement could be estimated according to the following statisti-
cal results. We check the composition of the American residents’ 
consumption according to the survey of the U.S.’s Bureau of La-
bor Statistics. The statistical results show that the consumption is 
mainly composed of 33% housing, 16% transportation, 13% food, 
11% insurance and 3% clothing expenditures. Intuitively, the work-
related expenditures, such as transportation fees, business clothing 
and dining out, will be greatly reduced. Thus, the habitual target 
will drop after retirement because that some proportion of the 
consumption is no longer needed. We model this effect as the 
shrinking of the habitual level at the time of retirement. Under 
this assumption, the same actual consumption leads to more ex-
cess consumption and greater utility after retirement.

Besides, the individuals rarely replace their houses, and their 
spending on food without dining out is relatively stable after re-
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tirement. A report by a consulting firm AgeClub specializing in the 
needs of the elderly states that, the consumption of the individu-
als who are the representative of the middle income group is only 
used to meet the minimum living standards after retirement, and 
it is difficult to promote their consumption (cf. AgeClub (2020)). 
Therefore, the older individuals would not easily adapt to changes 
in consumption and are reluctant to change the habitual level. As 
such, we assume that the sensitivity of the habitual consumption 
declines after retirement. Under the relatively abundant wealth 
scenario in practice, we expect a spiral increase of the habitual 
consumption level. Because the inertia of the habitual growth rate 
declines after retirement, the same actual consumption leads to 
greater utility.

In order to make the settings more solid, we also did a random 
interview with the working individuals of different characteristics. 
On average, the individuals believe that their living quality can be 
maintained if their consumption level is above 60% of the level 
before retirement. That is what we set in the baseline model and 
we observe the same phenomenon of the “retirement consumption 
puzzle”.

The individual dynamically controls the optimal asset allocation 
and consumption policies to achieve the objective, i.e., maximizing 
the overall utility of the excess consumption. One crucial parame-
ter is the retirement time. Thus, the problem is transformed into 
a two-step optimization problem. In the first step, the individu-
al’s utility is maximized under the assumption that the retirement 
time is given. In the second step, the optimal retirement time is re-
garded as a pre-commitment policy, which is consistent with the 
settings in Hey and Lotito (2009), Hey and Panaccione (2011) and 
Chen et al. (2018). Literatures like Choi and Shim (2006), Choi et al. 
(2008), Dybvig and Liu (2010), Yang and Koo (2018) and Guan et al. 
(2021) treat the optimal retirement time as a simultaneously con-
trolled policy and study the optimal stopping time problem with 
free boundary. However, we believe that the pre-commitment as-
sumption is more practical. In this circumstance, the retirement 
decisions are made relatively ahead of time, and do not depend on 
the follow-up situations. This can be verified by the consistency 
between the expected and the actual retirement time in the house-
hold survey.

In order to establish the optimums of the individual’s opti-
mization problem, we introduce the dirac function to represent 
the dynamics of the habitual level concisely in a unified expres-
sion. Using martingale and duality methods, as in Karatzas et al. 
(1991), He et al. (2020a) and He et al. (2020b), we establish the 
semi-analytical solutions of the problem. Because of the long time 
horizon of the life cycle optimization, the expectation of the opti-
mal consumption may explode after a long time in the numerical 
simulations. As such, we originally introduce the certainty equiva-
lence of the actual and the habitual consumption processes timely. 
In addition, we establish an innovative analytical method to study 
the impact of the exogenous parameters on the optimal retirement 
time quantitatively. The theoretical and numerical results show 
that the optimal consumption is affected by both of the wealth 
effect and the habitual effect. Particularly, the optimal consump-
tion decision is balanced between the pressure of high habitual 
consumption level in the future, as well as the time and certainty 
preference. The declines of the level and the sensitivity of the ha-
bitual level reduce the pressure and weaken the habitual effect 
after retirement. The excess consumption rises at the time of re-
tirement accordingly. However, the rise of the excess consumption 
cannot offset the sharp decline in the habitual consumption. Thus, 
we observe a decline in the actual consumption at the time of re-
tirement, which is consistent with the empirical evidence of the 
“retirement consumption puzzle”. Furthermore, larger wealth in-
creases consumption, and larger wage (benefit) postpones (brings 
forward) the retirement time. Interestingly, larger growth inertia 
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(sensitivity) of the habitual level decreases consumption and brings 
forward the retirement time. In this circumstance, the habitual ef-
fect is the dominance. Early retirement is required to prevent the 
habitual level from raising too high and reducing overall utility.

The main contributions of this paper are threefold: First, we 
establish the non-addictive optimal asset allocation, consumption 
and retirement time problem under the framework of habitual per-
sistence and prospect theory. Particularly, we model the utility of 
the retirement leisure as the declines in the level and the sen-
sitivity of the habitual consumption after retirement. Second, we 
first introduce the dirac function to establish the unified expres-
sion of the habitual level under the settings of variational habitual 
persistence characters. Through this simple expression and using 
martingale and duality methods, we establish the semi-analytical 
optimums of the stochastic control problem. In addition, we quan-
titatively analyze the relationship between the exogenous param-
eters and the optimal retirement time. The last, the numerical 
results confirm the evidence that there exists a sharp decline in 
the consumption at retirement. It is the comprehensive result of 
the drop in the habitual consumption and the rise in the excess 
consumption. Besides, we identify the wealth effect and the habit-
ual effect, which have major impacts on the optimal consumption 
and the optimal retirement time.

The remainder of this paper is organized as follows: Section 2
formulates the non-addictive optimal consumption problem with 
the variation in the habitual level and the habitual sensitivity. In 
Section 3, we establish the optimal control policies and the value 
function semi-analytically based on dirac function, martingale and 
duality methods. Section 4 shows the optimal consumption process 
numerically, which is consistent with the “retirement consumption 
puzzle”. In addition, we study the impacts of the parameters on 
the optimal consumption and the optimal retirement time in this 
section. The last section concludes the paper.

2. Problem formulation

2.1. Wealth process with the participation of social endowment 
insurance

We consider the wealth process of an individual who partic-
ipates in the social endowment insurance. Before retirement, the 
individual receives wage as the labor income and contributes part 
of the income as the premium of the social insurance. After re-
tirement, the individual receives benefit from the social insurance. 
Meanwhile, investment is allowed both before and after retire-
ment. The individual dynamically chooses the asset allocation and 
consumption policies, as well as the retirement time to maximize 
the overall utility of the consumption.

First, let B = {Bt , t ≥ 0} be a Brownian motion on complete fil-
tered probability (�, F , F, P ), the filtration F = {Ft , t ≥ 0} satis-
fies the usual conditions and is generated by the Brownian motion 
B , i.e., Ft = σ {Bu, 0 ≤ u ≤ t}, t ≥ 0. For simplicity, we assume that 
the financial market consists of one risk-free asset and one risky 
asset.

The price of the risk-free asset S0 = {S0(t), t ≥ 0} is given by

dS0(t)

S0(t)
= rdt, S0(0) = s0,

and the price of the risky asset S1 = {S1(t), t ≥ 0} follows the 
stochastic differential equation (SDE):

dS1(t)

S1(t)
= μdt + σdBt, S1(0) = s1,

where r is the risk-free interest rate, μ and σ are the expected 
return and the volatility of the risky asset, respectively. s0 and s1
are positive constants.
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The wage process W = {Wt , t ≥ 0} satisfies the following SDE:

dWt

Wt
= α(t)dt + β(t)dBt, W (0) = W0,

where α(t) and β(t) are the expected growth rate and the volatil-
ity of the wage at time t .

In practice, the wage and the risky asset processes may not be 
perfectly correlated. We make this assumption mainly due to the 
simplification considerations. The perfect correlation assumption is 
also consistent with the ones in Bodie et al. (2004), Chen et al. 
(2018) and He et al. (2021).

Next, we establish the settings of the social insurance rules and 
the retirement time. The individual chooses his/her optimal retire-
ment time τ , which lies within [τmin, τmax]. τmin and τmax are the 
exogenous minimal and maximal retirement time required by the 
government. On the one hand, the government usually sets a min-
imum retirement age to maintain the stability and sustainability 
of the social insurance. On the other hand, the government sets 
a maximum retirement age for the safety and efficiency consider-
ations. Thus, in the U.S., the minimum retirement age is 62, and 
the statutory retirement age is 67. Besides, continuing work above 
75 yeas old is usually prohibited. Since the results need to match 
the empirical results, we adopt this practical settings. In addition, 
we assume that the optimal retirement time is a pre-commitment 
policy, that is, the individual chooses the optimal time to retire at 
the initial time rather than choosing it by constantly observing the 
follow-up situations. The settings are consistent with the ones in 
Hey and Panaccione (2011) and Chen et al. (2018).

Before retirement, the individual mandatorily participates in the 
social endowment insurance, and has the obligation to contribute 
k proportion of the wage as the insurance premium. After retire-
ment, the individual has the right to receive the benefit from the 
social insurance. The amount of the benefit depends on the re-
tirement time. Particularly, the individual receives the amount of 
g(τ )Deξt as the benefit at time t , where D is the benefit at time 0, 
ξ is the growth rate of the benefit, which is designed to maintain 
the purchasing power, and g(τ ) is a penalty variable for early re-
tirement. We assume g(τ ) = e−ζ(τst−τ )+ , where τst is the statutory 
retirement time and ζ > 0 is the elastic parameter. As such, g(τ ) is 
increasing with respect to τ before τst and invariant after τst . For 
early retirement (τ < τst), the individual receives discounted ben-
efit. According to the U.S.’s pension rules, the statutory retirement 
age is 67 and the individual retires at 62 can obtain 70% of the full 
benefit. It is a punishment for early retirees. Otherwise, individuals 
will have the incentive to retire early.

For the wage process, we assume α(t) = α1{t≤τmin} and β(t) =
β1{t≤τmin} , where α and β are positive constants. It is a realistic 
setting that the wage stops rising after a certain time. According 
to the survey of U.S.’s Bureau of Labor Statistics, the average yearly 
incomes for the ages 25 ∼ 34, 35 ∼ 44, 45 ∼ 54, 55 ∼ 64 and above 
65 are 39416, 49400, 50024, 49608, 46176 dollars, respectively. 
Clearly, wages stop rising and begin to fall before retirement. Thus, 
we assume that the wage stops rising after τmin . Otherwise, the 
wage will go up to extremely high level after decades of work and 
the individuals would like to work until death to earn more and 
consume more.

The last, we establish the individual’s wealth process. Assume 
that T is the maximal survival time. The dynamics of the wealth 
X = {Xt , 0 ≤ t ≤ T } is determined by three control variables: the 
wealth allocated to the risky asset π = {πt , 0 ≤ t ≤ T }, the con-
sumption level C = {Ct , 0 ≤ t ≤ T } and the retirement time τ . It is 
natural to assume that C : [0, T ] ×� → [0, ∞) and π : [0, T ] ×� →
[0, ∞) are F -progressively measurable and satisfy the integrability 
condition 

∫ T
0 (Ct + π2

t )dt < ∞ almost surely.
In this paper, τ is the voluntarily chosen retirement time. The 

optimization procedure is divided into two steps. In the first step, 
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we assume that the retirement time is given, and the individual’s 
value function is the function of τ . However, most of the processes 
(such as Xt(τ ) and ht(τ )) depend on τ . For simplicity, we omit the 
parameter τ of the processes in the first step of optimization. In 
the second step, we treat the optimal retirement time as a pre-
comment policy and establish the optimum of the value function 
at time 0, i.e., we restructure the form of the value function V (τ )

in the following (3.15) and establish the optimum of V (·).
The individual’s wealth process satisfies the following SDEs:

When 0 ≤ t ≤ τ ,

dXt = r Xtdt + (μ − r)πtdt + (1 − k)Wtdt + σπtdBt − Ctdt,

and when τ ≤ t ≤ T ,

dXt = r Xtdt + (μ − r)πtdt + g(τ )Deξtdt + σπtdBt − Ctdt.

In the next subsection, we will establish the individual’s opti-
mization objective and the admissible set of the control variables.

2.2. Optimization objective with the variation in habitual consumption

In this subsection, we establish the S-shaped utility function of 
the individual and the variations in the level and the sensitivity 
of the habitual consumption after retirement to incorporate the 
leisure utility implicitly.

First, we set up the habitual consumption level of the in-
dividual. The habitual behavior was originally studied by Pollak 
(1970) and Ryder and Heal (1973), which establish the criterion 
of evaluating consumption, and the habitual level is measured by 
the weighted average of the past consumption. Composing the S-
shaped utility, only the consumption exceeding the habitual level 
produces positive utility. The habitual level h = {ht , 0 ≤ t ≤ T } is 
defined by

dht = [
ψ(t)Ct − η̃(t)ht

]
dt, t �= τ ,

where ψ(t) and η̃(t) > 0 are nonnegative and bounded param-
eters varying with respect to time t . In this paper, we assume 
that ψ(t) = η̃(t) for the following reasons. First, under the as-
sumption ψ(t) = η̃(t), the habitual level is the arithmetic average 
of the past consumption levels with equal weight. Second, when 
the actual consumption equals to the habitual consumption, the 
habitual level will stay unchanged. These two explanations make 
better sense in practice. Third, in the literatures (cf. Munk (2008)), 
ψ(t) < η̃(t) usually holds. In this circumstance, the habitual level 
itself has an inherent downward trend. Naturally, the optimal con-
sumption will fall accordingly. In this way, we can’t tell whether 
the result is caused by the inherent trend or the variation as-
sumption of the habitual level. Besides, no exact empirical ex-
perience shows that the habitual level will fall when the actual 
consumption equals to the habitual consumption. Furthermore, we 
notice that the recently published paper explores ψ(t) = η̃(t) in 
the model settings (cf. Bilsen et al. (2020)).

Next, we establish the two important variations in the habitual 
consumption after retirement. Briefly, both the level and the sen-
sitivity of the habitual consumption decline at the time of retire-
ment. The modifications of {ψ(t), 0 ≤ t ≤ T } and {η̃(t), 0 ≤ t ≤ T }
are based on the following reasons as discussed in Section 1. First, 
because only the difference between the actual consumption and 
the habitual consumption (excess consumption) produces utility, 
the drop in the habitual level increases the utility of the same 
excess consumption after retirement. Thus, it is a good way to 
maintain the relative ranking relations among the outcomes of the 
utilities and thus effectively incorporate the leisure utility implic-
itly in the new utility function. Second, according to the survey 
of U.S.’s Bureau of Labor Statistics, the habitual target will drop 
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after retirement because that some work-related consumption is 
no longer needed. Third, we conduct a random interview and find 
the average results that the individuals believe that their living 
quality can be maintained if their consumption level is above 60% 
of the level before retirement. Besides, according to the consult-
ing firm AgeClub’s survey report, older individual’s consumption is 
only used to meet the minimum living standards. And it is difficult 
for them to adapt to changes in consumption. This indicates that 
there is also a decline in the sensitivity of the habitual consump-
tion.

Based on the above discussions, we assume hτ = lhτ− , 0 < l < 1, 
which refers to the decline of the habitual consumption level after 
retirement. Furthermore, we assume ψ(t) = ψ , η̃(t) = η when 0 ≤
t < τ ; ψ(t) = mψ , η̃(t) = mη when τ ≤ t ≤ T , where ψ and η are 
constants. And 0 < m < 1 refers to the decline of the sensitivity of 
the habitual consumption level. As such, the habitual consumption 
level h = {ht , 0 ≤ t ≤ T } is given by

ht =

⎧⎪⎨⎪⎩
h0 · e−ηt + ψ · ∫ t

0 e−η(t−s)Csds, 0 ≤ t < τ,

l · h0 · e−mη(t−τ )−ητ + l · ψ · ∫ τ
0 e−mη(t−τ )−η(τ−s)Csds

+ m · ψ · ∫ t
τ e−mη(t−s)Csds, τ ≤ t ≤ T .

(2.1)

In order to obtain the concise representation of ht , we introduce 
the dirac function δ(x), which is a generalized function defined by

δ(x) =
{∞, x = 0,

0, x �= 0,

and

+∞∫
−∞

δ(x)dx = 1.

By substituting η(s) with η̃(s) − ln(l)δ(s − τ ) in (2.1), h is trans-
formed into

ht = h0e− ∫ t
0 η(s)ds +

t∫
0

e− ∫ t
s η(u)duψ(s)Csds. (2.2)

As such, h has the following concise form:

dht = [ψ(t)Ct − η(t)ht] dt, 0 ≤ t ≤ T . (2.3)

In addition, δ(·) in (2.2) can also be an indicator to distinguish the 
pre-retirement and post-retirement scenarios.

The last, we establish the S-shaped utility function of the indi-
vidual. As discussed above, only the difference between the actual 
consumption and the habitual consumption produces utility. Be-
sides, we assume that the actual consumption below the habitual 
level is allowed. As such, we need a well defined utility function 
to express positive and negative utilities synthetically, and we nat-
urally choose the S-shaped utility function.

The S-shaped utility function is represented as the composi-
tions of two CRRA utilities:

u(Cs − hs) = (Cs − hs)
1−γ

1 − γ
1{Cs≥hs} + (−κ)

(hs − Cs)
1−γ

1 − γ
1{Cs<hs},

∀s ∈ [0, T ], (2.4)

where γ refers to the relative risk aversion of the individual, and κ
is the loss aversion parameter. The second term in (2.4) defines the 
negative utility when the individual’s actual consumption is below 
the habitual level. In this circumstance, the individual suffers from 
the gap of inadequate consumption, as such, it produces negative 
utility. κ > 1 represents the psychological phenomenon that the 
suffering of loss is greater than the happiness of equal gain.
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Therefore, we assume that the retirement time τ is given in 
the first step. The individual’s objective is to maximize the overall 
utility of the consumption:

V (τ ) = max
π,C

E

⎧⎨⎩
T∫

0

e−ρsu(Cs − hs)ds

⎫⎬⎭ , (2.5)

where ρ refers to the discount rate of time and certainty prefer-
ence. That is, ρ = r + χ , where the individual’s discount rate for 
time preference equals to the risk-free interest rate r, and the dis-
count rate for certainty preference equals to the constant force of 
mortality rate χ . Actually, the integral in (2.5) is divided into two 
parts. Before retirement, the individual earns wage and contributes 
to the social endowment insurance. After retirement, the individ-
ual receives benefit. At the same time, the level and the sensitivity 
of the habitual consumption both decline in this period. In the sec-
ond step, we try to establish arg max

τ
{V (τ )} satisfying

V = max
τ

{V (τ )} , (2.6)

which is the solution of the static optimization problem.
Furthermore, we study the restrictions on the admissible do-

main of the control variables. Although we set up the non-
addictive consumption, the actual consumption should be above 
some threshold to maintain the minimal standard of living. In the 
classical optimal consumption problem, the consumption should 
be higher than a threshold to meet the minimum living needs. 
Similarly, we assume that there exists L ≥ 0 such that hs − Cs ≤ L
holds for s ∈ [0, T ]. Particularly, when L = 0, the actual consump-
tion below the habitual consumption is not allowed and it depicts 
the addictive consumption model. Besides, the constraint hs − Cs ≤
L guarantees the existence and uniqueness of the solution of the 
optimization problem. It is noted that under the S-shaped utility, 
individuals choose optimal consumption carefully to avoid the neg-
ative excess consumption and the negative utility. Thus, in most 
normal cases, this constraint is naturally satisfied. In addition, the 
individual may initiate some loans to consume the labor capital in 
advance. And he/she is required to repay the loans at the maxi-
mal survival time. As such, the triple control a � (τ , π, C) is called 
admissible if the individual’s wealth Xa

T , under the a, remains non-
negative at time T , i.e.,

Xa
T ≥ 0

almost surely. We denote the family of admissible triple controls 
a � (τ , π, C) by A.

Our goal is to solve the individual’s optimization problem 
(2.5)-(2.6) within the admissible set A. The optimal asset alloca-
tion and consumption policies will be established correspondingly. 
In addition, the optimal retirement time will be obtained by the 
pre-commitment optimization after the value function V (τ ) being 
established.

3. Solution of the stochastic optimization problem

In this section, we assume that the retirement time is given in 
the first step of optimization. Using martingale and duality meth-
ods, we derive the semi-analytical value function of the individual 
and establish the optimal asset allocation and consumption poli-
cies correspondingly. In the second step of optimization, we treat 
the optimal retirement time as a pre-commitment policy and es-
tablish the optimal solution by numerical methods. Interestingly, 
we can quantitatively analyze the relationship between the opti-
mal retirement time and the exogenous parameters by introducing 
an innovative analytical method.
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First, we solve the individual’s stochastic optimization problem 
with the given retirement time τ . The state price density process 
H = {Ht , 0 ≤ t ≤ T } is as follows:

Ht = exp{−rt − 1

2
θ2t − θ Bt}, t ∈ [0, T ],

where θ = μ−r
σ is the market price of risk. Using Itô’s lemma, we 

have

Ht Xt =
t∫

0

[
(1 − k)Hs W s1{s≤τ } + g(τ )Deξt Hs1{s>τ } − Cs Hs

]
ds

+
t∫

0

[σπs Hs − θ Xs Hs] dBs, t ∈ [0, T ]. (3.1)

For any (π, C) ∈ Aτ � {(π, C) : (τ , π, C) ∈ A} for given τ , Xt ≥ Xt

is valid, and Xt is the lower bound of Xt . The details to ob-
tain the explicit form of Xt are given in Appendix A.1. Thus, 
{∫ t

0 [σπs Hs − θ Xs Hs] dBs, 0 ≤ t ≤ T } is a supermartingale. Using 
the restriction that XT ≥ 0, we know that the consumption level 
satisfies the following restrictions:

E

⎡⎣ T∫
0

Cs Hsds

⎤⎦
≤ E

⎧⎨⎩
T∫

0

[
(1 − k)Hs W s1{s≤τ } + g(τ )Deξt Hs1{s>τ }

]
ds

⎫⎬⎭ . (3.2)

However, the habitual consumption process is introduced in the 
utility function and only the difference between the actual con-
sumption and the habitual consumption produces utility. As such, 
cs � Cs −hs is the actual control variable, to solve the optimization 
problem, the state price density process should be adjusted accord-
ingly. The adjusted state price density process � = {�t , 0 ≤ t ≤ T }
is defined by

�t � Ht + ψ(t)Et

⎧⎨⎩
T∫

t

e− ∫ s
t η(u)−ψ(u)du Hsds

⎫⎬⎭ , t ∈ [0, T ].

And � is the solution of the following recursive linear stochastic 
equation (cf. Detemple and Zapatero (1992)):

�t = Ht + ψ(t)Et

⎧⎨⎩
T∫

t

e− ∫ s
t η(u)du�sds

⎫⎬⎭ , t ∈ [0, T ],

where Et(·) � E [ · |Ft ]. And its exact value is derived in Ap-
pendix A.2. Particularly, when ψ = 0, �t degenerates to Ht .
Substituting (2.2), we have

E

⎡⎣ T∫
0

cs�sds

⎤⎦
= E

⎧⎨⎩
T∫

0

⎡⎣Cs − h0e− ∫ s
0 η(u)du − ψ(s)

s∫
0

e− ∫ s
u η(v)dv Cudu

⎤⎦�sds

⎫⎬⎭
= E

⎧⎨⎩
T∫ ⎡⎣�s − ψ(s)Es

⎛⎝ T∫
e
∫ u

s η(v)dv�udu

⎞⎠⎤⎦Csds

⎫⎬⎭

0 s
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− E

⎡⎣ T∫
0

h0e− ∫ s
0 η(u)du�sds

⎤⎦
= E

⎡⎣ T∫
0

HsCsds

⎤⎦− h0E

⎡⎣ T∫
0

e− ∫ s
0 η(u)du�sds

⎤⎦ . (3.3)

Fortunately, Fubini theorem could be applied to the generalized 
function in the second equality. This helps to simplify the form 
of the equation when we decompose the integral into the pre-
retirement and the post-retirement parts.

The first term of Eq. (3.3) is estimated in (3.2), and we denote 
the second term by

z � E

⎡⎣ T∫
0

e− ∫ s
0 η(u)du�sds

⎤⎦ ,

whose exact value is derived in Appendix A.3.
Thus, we establish the subsidiary problem of the original prob-

lem, that is, maximizing the expected utility:

E

⎡⎣ T∫
0

us(cs)ds

⎤⎦ , (3.4)

where us(cs) = e−ρsu(cs), s ∈ [0, T ], with the restrictions:

E

⎡⎣ T∫
0

cs�sds

⎤⎦≤ A − h0z, (3.5)

where

A = E

⎧⎨⎩
T∫

0

[
(1 − k)Hs W s1{s≤τ } + g(τ )Deξt Hs1{s>τ }

]
ds

⎫⎬⎭ .

The exact value of A is derived in Appendix A.3. A is the dis-
counted present value of the incomes of the wages (excluding 
social insurance contribution) and the benefits from the social 
insurance under the risk neutral probability Q . The risk neutral 
probability Q on (�, F) is defined by

dQ

dP

∣∣
FT

= exp

{
−1

2
θ2T − θ BT

}
.

Remarkably, if the individual’s initial wealth is A and has no sub-
sequent incomes, the corresponding optimal asset allocation and 
consumption policies will be equivalent to the original optimiza-
tion problem.

In order to make the problem (3.4) well defined, a prerequisite 
is added:

E

⎡⎣ T∫
0

−L�sds

⎤⎦≤ A − h0z. (3.6)

Thus, the incomes of the wages and the benefits are adequate to 
support the minimal consumption level.

Lemma 3.1. The subsidiary problem (3.4) obtains its maximum when

cs = c∗
s � Ys(ντ �s), s ∈ [0, T ], (3.7)

where

Ys(y) = arg max
x≥−L

{us(x) − xy} , s ∈ [0, T ]. (3.8)
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And ν > 0 (the value can be +∞) satisfies the following equation:

E

⎡⎣ T∫
0

Ys(ν�s)�sds

⎤⎦= A − h0z. (3.9)

Proof. Define f (x) � E 
[∫ T

0 Ys(x�s)�sds
]

. Then f is a non-in-

creasing continuous function based on the property of Ys and 
monotone convergence theorem. In addition, as Ys(0+) = ∞ and 
Ys(∞) = −L, we have the estimations: f (0+) = ∞ and f (∞) =
E 
[∫ T

0 −L�sds
]

. According to the assumption E 
[∫ T

0 −L�sds
]

≤ A −
h0z, we know that there exists a ν satisfying (3.9).

Furthermore, the maximal expected utility of (3.4) is obtained 
by the following implicit form:

E

⎡⎣ T∫
0

V s(ν�s)ds

⎤⎦+ ν(A − h0z),

where

V s(y) � max
x≥−L

{us(x) − xy} , s ∈ [0, T ].

Based on the definitions of Y and V , it is easy to deduce 
E 
[∫ T

0 us(cs)ds
]

≤ E 
[∫ T

0 (V s(ν�s) + csν�s)ds
]

= E 
[∫ T

0 V s(ν�s)ds
]

+
ν(A − h0z). And the equality holds when cs = Ys(ν�s). �

We have established the necessary condition of the existence 
of c∗ � {c∗

t , 0 ≤ t ≤ T }. We still need to establish the correspond-
ing optimal consumption policy C∗ � {C∗

t , 0 ≤ t ≤ T } and optimal 
risky investment policy π∗ � {π∗

t , 0 ≤ t ≤ T } to make the process 
c∗ attainable.

As h satisfies the ordinary differential equation (ODE):

dht = [ψ(t)Ct − η(t)ht] dt

= [ψ(t)(ct + ht) − η(t)ht] dt

= [ψ(t)ct − (η(t) − ψ(t))ht] dt, 0 ≤ t ≤ T ,

solving this ODE, we have, for t ∈ [0, T ],

ht = e− ∫ t
0 (η(s)−ψ(s))dsh0 + ψ(t)

t∫
0

e− ∫ s
0 (η(u)−ψ(u))ducsds. (3.10)

By combining (3.7) and (3.10), the explicit form of the consump-
tion level C∗ is given as follows:

C∗
t = Yt(ν�t) + e− ∫ t

0 (η(s)−ψ(s))dsh0

+ ψ(t)

t∫
0

e− ∫ s
0 (η(u)−ψ(u))duYs(ν�s)ds, t ≤ T .

However, the corresponding asset allocation policy π∗ is not easy 
to derive. We need to reformulate the wealth process X∗ skillfully 
and construct the corresponding π∗ to make the wealth process 
attainable.

Theorem 3.2. If Assumption (3.6) is satisfied, the corresponding risky 
investment policy π∗ is

π∗
t = 1

σ
(
ϕt

Ht
+ θ X∗

t ), t ≤ T ,

where the process ϕ is defined in Eq. (3.13).
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Proof. Based on SDE (3.1), the optimal wealth process X∗ has the 
boundary constraint that X∗

T = 0, that is, the optimum is attained 
when the individual consumes all the incomes and has nothing 
at time T . Otherwise, he/she could consume more at time T to 
improve the overall utility. By combining (3.1) with X∗

T = 0, the 
wealth process X∗ is reformulated as follows:

X∗
t = 1

Ht
Et

{ ∫ T
t

[
C∗

s Hs − (1 − k)Hs W s1{s≤τ }

−g(τ )Deξ s Hs1{s>τ }
]

ds

}
(3.11)

for t ∈ [0, T ]. Let M be an F -adapted, right continuous martingale 
and satisfy

Mt = Et

{ ∫ T
0

[
C∗

s Hs − (1 − k)Hs W s1{s≤τ }

−g(τ )Deξ s Hs1{s>τ }
]

ds

}
(3.12)

for t ∈ [0, T ]. By martingale representation theorem, there exists a 
unique square-integrable process ϕ = {ϕt, 0 ≤ t ≤ T } satisfying

Mt =
t∫

0

ϕsdBs, t ≤ T . (3.13)

Thus, using (3.11), (3.12) and (3.1), we have

Mt =Et

⎧⎨⎩
T∫

t

[
C∗

s Hs−(1 − k)Hs W s1{s≤τ }−g(τ )Deξ s Hs1{s>τ }
]

ds

⎫⎬⎭
+

t∫
0

[
C∗

s Hs−(1 − k)Hs W s1{s≤τ } − g(τ )Deξ s Hs1{s>τ }
]

ds

= X∗
t Ht −

t∫
0

[
(1−k)Hs W s1s≤τ +g(τ )Deξ s Hs1{s>τ }−C∗

s Hs
]

ds

=
t∫

0

[
σπ∗

s Hs − θ X∗
s Hs

]
dBs. (3.14)

Comparing the diffusion terms of Mt in (3.13) and (3.14), we have

π∗
t = 1

σ
(
ϕt

Ht
+ θ X∗

t ). �
The detailed calculation of C∗ , X∗ and π∗ is derived in Ap-

pendix A.4. Thus, the optimal consumption and asset allocation 
policies are established with the given retirement time.

Remark 3.3. In Eq. (3.13), the martingale representative theorem 
assures the existence and uniqueness of ϕ and the corresponding 
asset allocation process π . Nevertheless, the shortcoming of the 
martingale representative theorem is that it hardly provide ways to 
calculate the exact form of ϕ directly. Fortunately, we can establish 
the exact form of ϕ and replicate the exact form of π∗ by rough 
calculation in Appendix A.4. Along with property of the uniqueness 
given in Theorem 3.2, the solution in Appendix A.4 is exactly the 
optimal policy π∗ .
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At last, we treat the optimal retirement time as a pre-commit-
ment policy and establish the optimum at time 0. Because the 
retirement time is variable in the second step of optimization, we 
rewrite the individual’s value function as follows:

V (τ ) = E

⎡⎣ T∫
0

us(Ys(ντ �τ,s))ds

⎤⎦ , (3.15)

where �s , A, z and ν are rewritten as �τ,s , A(τ ), z(τ ) and ντ , and 
τ is the control variable. ντ is determined by

E 
[∫ T

0 Ys(ντ �τ,s)�τ,sds
]

= A(τ ) − h0z(τ ).

The remained work is to solve arg maxτ {V (τ )}. The optimum is 
attained when the value of τ is at the boundary points τmin , τmax

or the extreme point satisfying ∂V (τ )
∂τ = 0. It is difficult to derive 

the explicit form of τ and we solve it numerically. Fortunately, 
we can study the influence of the exogenous parameters on the 
optimal retirement time by an innovative analytical method. The 
specific analysis is given in the next section.

4. Theoretical and numerical implications

In this section, we first introduce the certainty equivalence of 
the actual consumption and the habitual consumption processes. 
Under the reasonable parameter settings, we study the evolution of 
the optimal consumption over time and find the evidence consis-
tent with the “retirement consumption puzzle”. Then, we study the 
influence of the exogenous parameters on the optimal consump-
tion policies. Theoretically, exogenous variables can be divided into 
two categories that affect the amount of wealth and the habit-
ual level, and they influence the optimal consumption ultimately 
through these two intermediate variables. The last, we use an in-
novative idea to study the influence of the parameters on the op-
timal retirement time analytically.

4.1. Certainty equivalence of the actual and habitual consumption 
processes

Because the actual and habitual consumption processes are 
both stochastic, we usually explore E[C∗

t ] and E[h∗
t ] to study the 

evolutions of the two processes over time. However, the traditional 
explored method is not accurate, especially under the S-shaped 
utility and the long time horizon. There is a very small probability 
that the amounts of the actual and habitual consumption are mag-
nificent because of excellent wealth appreciation or radical invest-
ment policies. In this circumstance, the magnificent consumption 
levels of some tracks will greatly raise the level of the expectations 
E[C∗

t ] and E[h∗
t ] over the long time horizon. Thus, the traditional 

method loses its representativeness.
We naturally explore the certainty equivalence of the actual and 

habitual consumption processes to study the optimal policies. Un-
der this perspective, the process Ĉ and its corresponding habitual 
process ĥ satisfying ut(Ĉt − ĥt) = E[ut(C∗

t − h∗
t )] are defined as 

the certainty equivalence of the consumption processes. That is, 
when the individual’s deterministic actual and habitual consump-
tion amounts are {Ĉt , t ∈ [0, T ]} and {ĥt , t ∈ [0, T ]}, he/she obtains 
the same utility as the one under the stochastic consumption pro-
cesses. Particularly, ĉt = Ĉt − ĥt is the excess consumption under 
certainty equivalence. It directly measures the magnitude of the 
utility obtained at time t .

In the next subsection, we study the evolution of the optimal 
consumption over time under the certainty equivalence perspec-
tive.
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4.2. Parameter settings and the baseline model

In this subsection, we first set up the reasonable parameter set-
tings according to the real data in the financial market, the labor 
market and the social insurance market.

For the financial market, the risk-free interest rate is r = 0.02, 
and the expected return and the volatility of the risky asset are 
μ = 0.08, σ = 0.4, respectively. As such, the market price of risk is 
θ = 0.15. For the rules of the labor market, we assume that the pa-
rameters of the individual’s wage income are α = 0.028, β = 0.02
and W0 = 10. The individual begins to work at the age of 25 and 
his/her maximal survival age is 100. Besides, the individual can 
choose the actual retirement age within [50, 80] and the statu-
tory retirement age is 65. Retiring at the statutory retirement age, 
the individual can obtain the full benefit. As such, we have t0 = 0, 
T = 75, τmin = 25, τmax = 55 and τst = 40. Furthermore, the pa-
rameters related to the social insurance are given as follows. The 
contribution rate is k = 0.2 and the full benefit is D = 6 at time 0. 
The elastic parameter in the penalty variable is ζ = 0.015 and the 
growth rate of the benefit is ξ = 0.018. In general, if the individ-
ual retires at the minimal retirement age, he/she will obtain nearly 
70% of the full benefit.

For the settings of the habitual consumption level, we assume 
that ψ = η usually holds. As such, the habitual level is the arith-
metic average of the past consumption levels. And it is realistic to 
assume η = ψ = 0.05.

Because the habitual consumption is a psychological parame-
ter, we can not estimate the change of the habitual level by using 
the observed actual consumption data. Thus, we did a random in-
terview with the working individuals. On average, the individuals 
believe that their living quality can be maintained if their con-
sumption level is above 60% of the level before retirement. Thus, 
we assume that l = 0.6 in the baseline model. Interestingly, we 
find some unusual samples who think that more than 80% (less 
than 40%) of the consumption level will be satisfactory due to 
more traveling expenditures and continuous pursuit of high qual-
ity life (sharp decline in business spending) after retirement. Thus, 
we use sensitivity analysis to study the consumption evolution of 
these samples in the following Fig. 7. Furthermore, it is more dif-
ficult to estimate m and we choose it through theoretical analysis. 
According to the survey of the U.S.’s Bureau of Labor Statistics, the 
main consumption is composed of 33% housing, 16% transporta-
tion, 13% food, 11% insurance and 3% clothing expenditures. After 
retirement, the individuals rarely replace their houses and their 
spending on clothing and food without dining out is relatively sta-
ble. And the transportation consumption rarely exists. Moreover, a 
report by a consulting firm AgeClub specializing in the needs of the 
elderly states that individual’s consumption is only used to meet 
the minimum living standards after retirement, and it is difficult 
to promote their consumption. Thus, we believe that the sensi-
tively parameter m should be small and close to zero. We assume 
that m = 0.3 in the baseline model. Similarly, we use sensitivity 
analysis to vary m and study its impact on the optimal policies in 
the following Fig. 8. These two parameters are originally used to 
depict the changes of the habitual consumption after retirement.

Besides, we assume that the initial habitual level is h0 = 6 and 
the minimal consumption constraint requires that L = 0.5. For the 
parameters in the S-shaped utility function, γ = 0.8 and κ = 2.25
are consistent with the settings in Tversky and Kahneman (1992). 
The discount rate of time and certainty preference is ρ = r + χ =
0.04.

Then, based on the baseline model, we exhibit the certainty 
equivalence of the optimal consumption Ĉ and the habitual con-
sumption ĥ. First, we assume that the retirement time is given at 
the statutory retirement time. That is, τ = τst = 40. Fig. 1 shows 
the evolution of the optimal consumption and the habitual con-
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Fig. 1. The optimal consumption Ĉ and the habitual consumption ĥ.

sumption over time. We observe a sharp decline in the actual and 
habitual consumption levels at retirement. According to the empir-
ical literatures, the drop of consumption after retirement is around 
15%-20% of the overall consumption before retirement. Bernheim 
et al. (2001) explore U.S.’s PSID database to estimate the drop at 
14% of the consumption before retirement, and Laitner and Silver-
man (2005) estimate the drop at 16%. Aguiar and Hurst (2005)
explore U.S.’s CSFII database to estimate the drop at 17% of the 
consumption before retirement. Li et al. (2014) use China’s UHS 
database to estimate the drop at 21%. In this paper, the drop is 
around 20% of the consumption before retirement in the base-
line model. The result is comparable to the above empirical evi-
dence. Thus, it is consistent with the empirical evidence observed 
in the “retirement consumption puzzle”. Because the incomes of 
the baseline model are relatively abundant, the actual consumption 
is higher than the habitual consumption, and this leads to the spi-
ral rise of the two consumption levels. However, the growth rates 
of the actual and the habitual consumption levels decline after re-
tirement, which is caused by the reduced sensitivity of the habitual 
formulation. In addition, we find that the initial consumption is 
higher than the wage income. In this circumstance, the individual 
initiates some loans to improve the early consumption level and 
obtains higher utility.

In Fig. 2 and Fig. 3, we select three typical retirement times 
τ = 35, 40, 45 to study its influence on the excess consumption 
level ĉ and the optimal consumption level Ĉ .

Theoretically, the optimal excess consumption level ĉ is bal-
anced between two effects. The first is the wealth effect. If the 
individual obtains more incomes, he/she will naturally consume 
more. The second is the habitual effect. Larger excess consumption 
rises the habitual consumption level even more and leads to more 
pressure on the follow-up consumption. This prevents the individ-
ual from consuming too much in the early time. If the habitual 
effect weakens, time and certainty preference effect will be the 
dominance. That is, the early consumption produces higher util-
ity due to the human nature of impatience and uncertainty averse. 
In this circumstance, the individual will consume more at the mo-
ment, and vice verse. Thus, we observe a sharp rise in the excess 
consumption level after retirement because of the reduced sensi-
tivity of the habitual level and the weakened habitual effect.

In Fig. 2, the excess consumption levels are both low before and 
after retirement in the τ = 35 case due to the lower total incomes. 
Interestingly, the excess consumption is lower before retirement 
and higher after retirement in the τ = 45 case than in the τ = 40
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Fig. 2. The optimal excess consumption ĉ with respect to different retirement time 
τ .

Fig. 3. The optimal consumption Ĉ with respect to different retirement time τ .

case. Longer working time also means using the larger habitual 
consumption benchmark for a longer time. Thus, the habitual ef-
fect strengthens. The individual decreases the former consumption 
and increases the latter consumption to balance the two effects. 
Furthermore, although the excess consumption rises a lot at retire-
ment, it cannot offset the sharp decline in the habitual level. Thus, 
we observe a decline in the actual consumption Ĉ at retirement in 
Fig. 3.

In Fig. 4, we study the optimal asset allocation policies over 
time to ensure the integrity of the problem. As usual, we explore 
the expectation of the amount allocated to the risky asset. We ob-
serve a downward curve due to the life cycle phenomenon. Thus, 
the special variation assumption in habitual persistence after re-
tirement does not affect the trend of investment.

Interestingly, there is an unsmooth rise around the time τmin =
25. Before the time τmin , the individual’s wage income is fluctu-
ating. However, after the time τmin , the individual receives static 
wage and benefit incomes. In addition, the random sources of the 
wage and the risky investment are the same. As such, the former 
risky investment should be smaller to avoid bearing too much risk. 
The latter risky investment can be larger as the risk bearing ability 
is improved. The result could also be drawn from Eq. (A.5).
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Fig. 4. The optimal risky investment amount Eπ∗
t .

Fig. 5. The impacts of total wealth A on the optimal consumption Ĉ .

4.3. Impacts of the parameters on the optimal consumption

In this subsection, we study the impacts of the exogenous pa-
rameters on the certainty equivalence of the optimal consumption 
Ĉ under the assumption that the individual retires at the statutory 
retirement time.

In Fig. 5, we study the impacts of total wealth A (the dis-
counted present value of the incomes) on the optimal consumption 
Ĉ . In fact, the value of A is determined by a family of parameters, 
such as W0, D , r, μ, σ , k, ξ and ζ , etc. The result confirms the 
positive correlation between the total wealth and the optimal con-
sumption. When the total wealth A is relatively large, the trends 
of the optimal consumption are almost the same. Interestingly, we 
observe that the percentage of decline in consumption at retire-
ment is negatively correlated with the total wealth. This result is 
consistent with the empirical evidence that the consumption drop 
is negatively correlated with income replacement rate after retire-
ment (cf. Schwerdt (2005)). However, when A is relatively small, 
the optimal consumption shows a declining trend. In the case of 
A = 200, which could be interpreted as W0 = 4 and D = 2, the 
total incomes are not enough to support the consumption above 
the habitual level. Thus, the actual consumption is lower than the 
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Fig. 6. The impacts of habitual parameters ψ and η on the optimal consumption Ĉ .

Fig. 7. The impacts of shrinking habitual proportion l on the optimal consumption 
Ĉ .

habitual consumption. This leads to the spiral decline of the both 
consumption levels and produces negative utilities.

In Fig. 6, we study the impacts of the habitual parameters ψ
and η on the optimal consumption Ĉ . Follow the settings in Bilsen 
et al. (2020), we assume that ψ = η. As discussed in Subsection 
4.2, smaller ψ and η represent lower sensitivity of the habitual 
level. Because the habitual effect weakens, the time and certainty 
preference effect becomes the dominance. As such, the individual 
increases former consumption and reduces latter consumption. In 
the extreme case ψ = η = 0, we observe a completely declining 
trend of the optimal consumption. In this circumstance, the habit-
ual consumption level is not affected by the former consumption. 
Thus, larger consumption at the moment will produce higher util-
ity according to the time and certainty preference effect.

In Fig. 7, we study the impacts of the shrinking habitual propor-
tion l on the optimal consumption Ĉ . l measures the magnitude 
of the decline in the level of habitual consumption after retire-
ment. Different l leads to the redistribution of the consumption 
levels before and after retirement. When l is smaller, the lower 
consumption makes the individual feel the same satisfactory as 
before retirement. Thus, he/she can consume more before retire-
ment. Although the consumption level after retirement is reduced, 
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Fig. 8. The impacts of shrinking sensitivity parameter m on the optimal consumption 
Ĉ .

Fig. 9. The impacts of initial habitual consumption h0 on the optimal consumption 
Ĉ .

the excess consumption is still considerable because of the sharp 
decline of the habitual effect. Thus, we observe the phenomenon 
consistent with the “retirement consumption puzzle” in the base-
line model. Interestingly, in the unusual case l = 0.9, we observe 
the continuously rising consumption after retirement, and thus the 
“retirement consumption puzzle” does not exist. These results are 
consistent with the ones in the empirical literatures (cf. Hurd and 
Rohwedder (2003), Schwerdt (2005), Hurst (2008) and Li et al. 
(2014)).

In Fig. 8, we study the impacts of the shrinking sensitivity 
parameter m on the optimal consumption Ĉ . Because m only in-
fluences the sensitivity of the habitual level after retirement, its 
variation hardly has impacts on the consumption levels before re-
tirement. When m is smaller, the habitual effect weakens. In this 
circumstance, the individual prefers to consume more in the early 
time because of the time and certainty preference effect. Similar to 
the result in Fig. 6, the optimal consumption exhibits a declining 
trend after retirement in the extreme case m = 0.

In Fig. 9, we study the impacts of the initial habitual consump-
tion level h0 on the optimal consumption Ĉ . The result shows that 
the lower initial consumption increases the admissible domain of 
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Fig. 10. The impacts of retirement time τ on the total wealth A(τ ).

the follow-up consumption. And the inertia of the larger excess 
consumption in the former time leads to the higher rise of the lat-
ter consumption. On the contrary, when h0 is large, the actual and 
habitual consumption levels in the latter time are relatively small 
because of the small excess consumption in the former time.

4.4. Optimal retirement time

In this subsection, we treat the optimal retirement time as a 
pre-commitment control variable and establish the optimal retire-
ment time to maximize the individual’s value function. Then, we 
establish an analytical method, which can be used to analyze the 
impacts of the parameters on the optimal retirement time quanti-
tatively.

Before establishing the optimal retirement time, we first ana-
lyze the two impacts of the retirement time on the overall utility. 
The first is the wealth effect. The wealth effect can be accurately 
estimated by the function A(τ ). In Fig. 10, we observe that A(τ )

is an increasing function with respect to τ . From this perspective, 
the later an individual retires, the more wealth and higher utility 
he/she can obtain. The second is the habitual effect. The habitual 
level increases with the extension of the working time according 
to the baseline model. From this perspective, the later an individ-
ual retires, he/she suffers from higher habitual consumption level 
and obtains lower utility. In Fig. 11, we modify the parameter set-
tings to preserve the validation of A = 500, as such, the influence 
of the wealth effect is excluded. We observe a negative relation-
ship between the retirement time and the overall utility simply 
based on the habitual effect. Overall, the optimal retirement time 
is the balance between the two effects.

Next, we study the impacts of the retirement time on the over-
all utility based on the two effects and establish the optimal re-
tirement time numerically.

In Fig. 12, the individual’s utility function first increases and 
then decreases with respect to the extension of retirement time. 
In the former time, the wealth effect dominates the habitual ef-
fect. And the habitual effect becomes the dominance in the latter 
time. Interestingly, the optimal retirement time is around τst = 40, 
which is exactly the statutory retirement age of 65, according to 
the baseline model.

The last, the above discussions on the two effects are helpful 
to study the impacts of the exogenous parameters on the opti-
mal retirement time. Besides, we establish a quantitative analytical 
method as follows. For any exogenous parameter y, we have the 
198
Fig. 11. The impacts of retirement time τ on overall utility V (τ ) based on habitual 
effect.

Fig. 12. The impacts of retirement time τ on overall utility V (τ ).

denotation that τ ∗(y) � arg sup
τ

{V (y, τ )}. As such, Vτ (y, τ ∗(y)) =
0 is valid. Differentiating with respect to y at both sides of this 
equality, dτ ∗(y)

dy = − V yτ (y,τ ∗(y))

Vττ (y,τ ∗(y))
, where Vττ (y, τ ∗(y)) < 0. As such, 

dτ ∗(y)
dy has the same sign with V yτ ((y, τ ∗(y)). Furthermore, the 

second-order derivative can be approximated by

1

δyδτ

[
V (y + δy, τ ∗(y) + δτ ) − V (y, τ ∗(y) + δτ )

−V (y + δy, τ ∗(y)) + V (y, τ ∗(y))
]
. (4.1)

Even if V is not smooth, judging the sign of (4.1) is still useful. 
The sign is determined by comparing the size of the two values 
V (y + δy, τ ∗(y) + δτ ) − V (y, τ ∗(y) + δτ ) and V (y + δy, τ ∗(y)) −
V (y, τ ∗(y))), i.e., we can check whether the disturbance of y will 
produce higher utility in the case of earlier retirement or later 
retirement. Remarkably, we only exhibit the parameters of high 
relevance and sensitivity in Table 1. Table 1 shows the relationship 
between the exogenous parameters and the optimal retirement 
time. The upward arrow indicates that the larger parameter leads 
to later retirement, and vice verse.



L. He, Z. Liang, Y. Song et al. Insurance: Mathematics and Economics 102 (2022) 188–202
Table 1
The impacts of the parameters on optimal retirement time τ ∗.

W0 α k D ξ ψ m l h0

↑ ↑ ↓ ↓ ↓ ↓ ↓ ↑ ↓

Echoing the discussions on the wealth effect and the habitual 
effect, W0, α, k, D and ξ are the parameters reflecting wealth 
effect, and ψ , m, l and h0 are the parameters reflecting habitual 
effect. Naturally, larger initial level W0 and wage growth rate α
will lead to more wealth if the retirement is postponed. On the 
contrary, larger k leads to more contribution during the working 
period. And larger D and ξ lead to more benefit during the re-
tirement period. Thus, these parameters make the individual retire 
early.

For the habitual effect, larger ψ and m reflect higher sensitiv-
ity of the habitual level. As such, earlier retirement is required to 
prevent the habitual level from rising too high and reducing over-
all utility. Besides, if the shrinking habitual proportion l is larger, 
the utility improvement by the shrinking habitual level after re-
tirement is less effective. Thus, later retirement better balances the 
wealth effect and the habitual effect in this circumstance. Nat-
urally, early retirement is required to control the habitual level 
when the initial habitual consumption h0 is large.

5. Conclusion

In this paper, we assume that the level and the sensitivity of 
the habitual consumption both decline at the time of retirement. 
Under the variation assumption in habitual persistence, we estab-
lish the theoretical results consistent with the empirical evidence. 
That is, the optimal consumption experiences a sharp decline at 
retirement. In fact, the optimal decisions are balanced between 
the wealth effect and the habitual effect. Smaller growth inertia 
(sensitivity) of the habitual level weakens the habitual effect and 
leads to larger excess consumption after retirement. However, this 
effect cannot offset the sharp decline in the habitual level. Further-
more, the individual with higher habitual sensitivity retires early 
to prevent the habitual level from rising too high. Moreover, if the 
shrinking habitual parameter at retirement is larger, delaying re-
tirement is optimal because of that the utility improvement by the 
shrinking habitual level after retirement is less effective and the 
wealth effect becomes the dominance.
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Appendix A. Details of the calculations

A.1. The calculation of Ct and Xt

Before deriving the exact form of Xt , we claim that the con-
sumption level Ct has the lower boundary Ct , which is the required 
minimal consumption:
199
Ct = e− ∫ t
0 (η(s)−ψ(s))dsh0 − ψ(t)

t∫
0

e− ∫ s
0 (η(u)−ψ(u))du Lds − L.

In fact, Ct is obtained when the individual keeps the consumption 
level with the gap −L to the habitual consumption level. As such, 
Xt can be written as

Xt =
T∫

t

[
e−r(s−t)Cs − g(τ )Deξ se−r(s−t)1{s>τ }

]
ds.

Remarkably, the condition Xt ≥ Xt indicates that the total wealth 
must be adequate to support the required minimal consumption in 
the worst scenario that the wage income and the risky investment 
return decay to 0, i.e., Brownian motion B experiences a sharp de-
cline.

A.2. The calculation of �

As Hs
Ht

= exp
{−r(s − t) − 1

2 θ2(s − t) − θ(Bs − Bt)
}

, s ≥ t , is in-
dependent of Ft , we have

Et

{
Hs

Ht

}
= E

{
Hs

Ht

}
= e−r(s−t).

As such, for t ∈ [0, T ],

�t = Ht + ψ(t)Et

⎧⎨⎩
T∫

t

e− ∫ s
t (η(u)−ψ(u))du Hsds

⎫⎬⎭
= Ht

⎧⎨⎩1 + ψ(t)Et

⎡⎣ T∫
t

e− ∫ s
t (η(u)−ψ(u))du Hs

Ht
ds

⎤⎦⎫⎬⎭
= Ht

⎧⎨⎩1 + ψ(t)

T∫
t

e− ∫ s
t (η(u)−ψ(u))due−r(s−t)ds

⎫⎬⎭
= Ht(1 + Ft),

where

Ft � ψ(t)

T∫
t

e− ∫ s
t (η(u)−ψ(u))due−r(s−t)ds

=

⎧⎪⎪⎨⎪⎪⎩
lψe−(r+η−ψ)(τ−t)

r+mη−mψ

[
1 − e−(r+mη−mψ)(T −τ )

]
+ ψ

r+η−ψ

[
1 − e−(r+η−ψ)(τ−t)

]
, 0 ≤ t < τ,

mψ
r+mη−mψ

[
1 − e−(r+mη−mψ)(T −t)

]
, τ ≤ t < T .

A.3. The calculation of A and z

Similar to Appendix A.2, for t ≤ s ≤ τmin ,

Et

(
Hs

Ht

W s

Wt

)
= E

(
Hs

Ht

W s

Wt

)
= E

[
e(α− β2

2 )(s−t)+β(Bs−Bt )e−r(s−t)− 1
2 θ2(s−t)−θ(Bs−Bt )

]
= e(α−r+θβ)(s−t).

As such, we derive the exact value of the restrictions in (3.5) as 
follows:
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A = E

⎧⎨⎩
T∫

0

[
(1 − k)Hs W s1{s≤τ } + g(τ )Deξ s Hs1{s>τ }

]
ds

⎫⎬⎭
= E0

⎧⎨⎩
T∫

0

[
(1 − k)Hs W s1{s≤τ } + g(τ )Deξ s Hs1{s>τ }

]
ds

⎫⎬⎭
=

T∫
0

{
(1 − k)E0[Hs W s]1{s≤τ } + g(τ )Deξ s E0[Hs]1{s>τ }

}
ds

=
T∫

0

[
(1 − k)W0(e(α−r+θβ)s1{s≤τ∩s≤τmin}

+ e(α−r+θβ)τmin e−r(s−τmin)1{τmin<s≤τ })
+ g(τ )Deξ se−rs1{s>τ }

]
ds, (A.1)

and the value of z is

z = E

⎡⎣ T∫
0

e− ∫ s
0 η(u)du�sds

⎤⎦
= E

⎡⎣ T∫
0

e− ∫ s
0 η(u)du Hs(1 + Fs)ds

⎤⎦
=

T∫
0

e− ∫ s
0 η(u)due−rs(1 + Fs)ds. (A.2)

Combining (A.1) and (A.2), we obtain the exact value of A − h0z.

A.4. The calculation of C∗ , X∗ and corresponding π∗

The function Ys has the exact form:

Ys(y) =
{−L, y ≥ y0(s),

(
y

e−ρs )
− 1

γ , 0 < y < y0(s),

where y0(s) satisfies the following equation:

e−ρs (
y0(s)
e−ρs )

− 1−γ
γ

1 − γ
− (−κ)e−ρs L1−γ

1 − γ
= y0(s)

[
(

y0(s)

e−ρs
)
− 1

γ + L

]
.

In fact, y0(s) is the gradient of the tangential line from −L to 
(

y0(s)
e−ρs )

− 1
γ .

Based on the exact form of the function Ys , we have

c∗
s = Ys(ν�s)

= −L1{ν�s≥y0(s)} +
(

ν�s

e−ρs

)− 1
γ

1{ν�s<y0(s)}

= −L1{Hs≥ y0(s)
ν(1+Fs)

} + H
− 1

γ
s

[
ν(1 + Fs)eρs]− 1

γ 1{Hs<
y0(s)

ν(1+Fs)
}.

Using cs = Cs −hs and ODE (2.3), we first obtain h∗
s , then C∗

s . Thus, 
we can calculate the process X∗ as follows:

X∗
t = 1

Ht
Et

{ T∫
t

[
C∗

s Hs − (1 − k)Hs W s1{s≤τ }

−g(τ )Deξ s Hs1{s>τ }
]

ds

}

T

W

w

O

a

E

T

=

=

T
p
p

200
= 1

Ht
Et

⎡⎣ T∫
t

C∗
s Hsds

⎤⎦− (1 − k)
1

Ht
Et

⎡⎣ T∫
t

Hs W s1{s≤τ }ds

⎤⎦
− 1

Ht
Et

⎡⎣ T∫
t

g(τ )Deξ s Hs1{s>τ }ds

⎤⎦
= 1

Ht
Et

⎡⎣ T∫
t

C∗
s Hsds

⎤⎦− (1 − k)WtEt

⎡⎣ T∫
t

Hs W s

Ht Wt
1{s≤τ }ds

⎤⎦
− Et

⎡⎣ T∫
t

g(τ )Deξ s Hs

Ht
1{s>τ }ds

⎤⎦ . (A.3)

he last two terms in (A.3) are

tEt

⎡⎣ T∫
t

Hs W s

Ht Wt
1{s≤τ }ds

⎤⎦= Wt O t,

here

t =
T∫

t

[
e(α−r+θβ)(s−t)1{s≤τ∪s≤τmin}

+ e(α−r+θβ)(τmin−t)e−r(s−τmin)1{t<τmin<s≤τ }
+ e−r(s−t)1{τmin≤t<s≤τ }

]
ds,

nd

t

⎡⎣ T∫
t

g(τ )Deξ s Hs

Ht
1{s>τ }ds

⎤⎦=
T∫

t

g(τ )Deξ se−r(s−t)1{s>τ }ds.

he first term in (A.3) can be rewritten as follows:

1

Ht
Et

⎡⎣ T∫
t

C∗
s Hsds

⎤⎦
1

Ht
Et

⎧⎨⎩
T∫

t

[
c∗

s + e− ∫ s
0 (η(u)−ψ(u))duh0

+ ψ(s)

s∫
0

e− ∫ u
0 (η(v)−ψ(v))dvc∗

udu

⎤⎦ Hsds

⎫⎬⎭
T∫

t

[
e− ∫ s

0 (η(u)−ψ(u))duh0

+ ψ(s)

t∫
0

e− ∫ u
0 (η(v)−ψ(v))dvc∗

udu

]
e−r(s−t)ds

+ 1

Ht
Et

⎧⎨⎩
T∫

t

⎡⎣c∗
s + ψ(s)

s∫
t

e− ∫ u
0 (η(v)−ψ(v))dvc∗

udu

⎤⎦ Hsds

⎫⎬⎭ .

(A.4)

he second equation holds as the integral can be divided into two 
arts: one before time t and the other after time t , and the former 
art is Ft -measurable. We denote the latter part as ft(Ht):
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ft(Ht)

� 1

Ht
Et

⎧⎨⎩
T∫

t

[
c∗

s + ψ(s)

s∫
t

e− ∫ u
0 (η(v)−ψ(v))dvc∗

udu

]
Hsds

⎫⎬⎭
= 1

Ht
Et

⎧⎨⎩
T∫

t

[
c∗

s Hs

+ ψ(s)

s∫
t

e− ∫ u
0 (η(v)−ψ(v))dvc∗

uE[Hs|Hu]du

]
ds

⎫⎬⎭
= 1

Ht
Et

⎧⎨⎩
T∫

t

c∗
s Hs

[
1 + e− ∫ s

0 (η(v)−ψ(v))dv

T∫
s

ψ(u)e−r(u−s)du

]
ds

⎫⎬⎭
= 1

Ht
Et

⎧⎨⎩
T∫

t

c∗
s Hs Nsds

⎫⎬⎭
=

T∫
t

1

Ht
Et
{

c∗
s Hs

}
Nsds

=
T∫

t

e−r(s−t)Ns

{
(eρs y0(s))−

1
γ

�′(d1,t,s(
y0(s)

ν(1+Fs)Ht
))

�′(d2,t,s(
y0(s)

ν(1+Fs)Ht
))

×
[

1 − �(d2,t,s(
y0(s)

ν(1 + Fs)Ht
))

]
− �(d1,t,s(

y0(s)

ν(1 + Fs)Ht
))L

}
ds,

where �(·) is cumulative distribution function of the standard nor-
mal distribution:

Ns = 1 + e− ∫ s
0 (η(v)−ψ(v))dv

T∫
s

ψ(u)e−r(u−s)du,

d1,t,s(x) = 1

−θ
√

s − t

[
log(x) + (r + θ2

2
)(s − t)

]
,

d2,t,s(x)

= 1

−θ
√

s − t

[
log(x) + (r + θ2

2
)(s − t) + (1 − γ )θ

√
s − t

]
.

Thus, the wealth process can be rewritten as follows:

X∗
t = ft(Ht) − (1 − k)Wt O t +

T∫
t

G(s)ds,

where

G(s) =
[

e− ∫ s
0 (η(u)−ψ(u))duh0 + ψ(s)

t∫
0

e− ∫ u
0 (η(v)−ψ(v))dvc∗

udu

− g(τ )Deξ s1{s>τ }

]
e−r(s−t).

Based on martingale representation theorem and a huge amount 
of detailed calculations, using the volatility term of X∗

t , it follows

π∗
t = − f ′

t (Ht)θ Ht − (1 − k)βWt O t1{t<τmin}
. (A.5)
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