
Full Terms & Conditions of access and use can be found at
https://www.tandfonline.com/action/journalInformation?journalCode=sact20

Scandinavian Actuarial Journal

ISSN: (Print) (Online) Journal homepage: https://www.tandfonline.com/loi/sact20

Weighted utility optimization of the participating
endowment contract

Lin He , Zongxia Liang , Yang Liu & Ming Ma

To cite this article: Lin He , Zongxia Liang , Yang Liu & Ming Ma (2020) Weighted utility
optimization of the participating endowment contract, Scandinavian Actuarial Journal, 2020:7,
577-613, DOI: 10.1080/03461238.2019.1698452

To link to this article:  https://doi.org/10.1080/03461238.2019.1698452

Published online: 06 Dec 2019.

Submit your article to this journal 

Article views: 369

View related articles 

View Crossmark data

Citing articles: 2 View citing articles 

https://www.tandfonline.com/action/journalInformation?journalCode=sact20
https://www.tandfonline.com/loi/sact20
https://www.tandfonline.com/action/showCitFormats?doi=10.1080/03461238.2019.1698452
https://doi.org/10.1080/03461238.2019.1698452
https://www.tandfonline.com/action/authorSubmission?journalCode=sact20&show=instructions
https://www.tandfonline.com/action/authorSubmission?journalCode=sact20&show=instructions
https://www.tandfonline.com/doi/mlt/10.1080/03461238.2019.1698452
https://www.tandfonline.com/doi/mlt/10.1080/03461238.2019.1698452
http://crossmark.crossref.org/dialog/?doi=10.1080/03461238.2019.1698452&domain=pdf&date_stamp=2019-12-06
http://crossmark.crossref.org/dialog/?doi=10.1080/03461238.2019.1698452&domain=pdf&date_stamp=2019-12-06
https://www.tandfonline.com/doi/citedby/10.1080/03461238.2019.1698452#tabModule
https://www.tandfonline.com/doi/citedby/10.1080/03461238.2019.1698452#tabModule


SCANDINAVIAN ACTUARIAL JOURNAL
2020, VOL. 2020, NO. 7, 577–613
https://doi.org/10.1080/03461238.2019.1698452

Weighted utility optimization of the participating
endowment contract

Lin He a, Zongxia Liang b, Yang Liu b and Ming Ma b

aSchool of Finance, Renmin University of China, Beijing, People’s Republic of China; bDepartment of Mathematical
Sciences, Tsinghua University, Beijing, People’s Republic of China

ABSTRACT
In a participating endowment contract, the special loss compensation and
profit sharing mechanism leads to heterogeneous benchmarks to distin-
guish the gain and loss for the policyholder’s and the insurance company’s
S-shaped utilities. Because of the intense competition among the insur-
ance companies and the requirement of the regulators, the benefits of
the policyholders should be considered. As such, choosing the weighted
utility of the two counterparts as the optimization objective is a rational
setting. This setting induces a non-HARA (hyperbolic absolute risk aversion)
and non-concave objective utility whose exact concavity and convexity are
unknown. The difficulties not only come from this highly non-concave opti-
mization problem, but also exist in the implicit integration of the optimum
when solving the expected utilities of the two counterparts. We originally
design an identification method to establish two categories of concave
envelopes to solve the optimization problem, and propose an innovative
numerical integration by substitution technique to deal with the implicit
integration problem. The numerical simulation results recognize the exis-
tenceof Pareto improvementof the twocounterparts,which shows that the
utilities of the policyholder and the insurance company can be simultane-
ously improvedby switching into theweightedobjective and appropriately
amending the contract.
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1. Introduction

This paper investigates the optimization problem of the weighted S-shaped utilities of the two
counterparts of a participating endowment contract. In the participating endowment contract, the
policyholder contributes to the fund at a constant rate. At the end of the accumulation phase, the
gain or loss of the two counterparts are calculated based on the terminal fund wealth. The mini-
mal payoff of the policyholder is guaranteed by the insurance company. As a reward, the insurance
company shares some proportion of the fund wealth exceeding the minimal guarantee. In particu-
lar, the minimal guarantee is a proportion of the reference terminal fund wealth, which is the total
contribution accumulated by the risk-free interest rate. Naturally, the reference terminal fund wealth
is the reference point of the policyholder’s S-shaped utility. As such, it is an equivalent model setting
as in Briys & Varenne (1994), Lin et al. (2017) and Nguyen & Stadje (2019). We will state later that
the special loss compensation and profit sharing mechanism leads to heterogeneous benchmarks to
distinguish gain and loss of the policyholder’s and the insurance company’s utilities.
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Traditionally, it is difficult to convert the participating contract to a new insurance company, and
the redemption of the contract is costly. Additionally, the policyholders lack opportunities of par-
ticipating in investment decision process. Thus, the risk-taking policy is controlled to optimize the
utility of the insurance company. The assumption of the traditional optimization objective is con-
sistent with the settings in Cohen & Stark (1988), Stoughton (1993), Carpenter (2000), Jackwerth &
Hodder (2007) and He & Kou (2018). The following literature identifies the moral hazard problem
generated by the principal-agent relationship in the nonlinear contract, and investigates the optimal
risk-taking properties, including Coval & Moskowitz (2001), Jackwerth & Hodder (2007), Wei Li &
Tiwari (2009), Fonseca & Ziveyi (2017) and Cvitanić et al. (2017). Notably, these papers demonstrate
the interest conflicts of the two counterparts and try to find more favorable contract designs. In this
paper, optimization of the insurance company’s utility is studied in parallel to assist in recognizing
the existence of Pareto improvement.

The policyholder and the insurance company have certain degree of conflicting interests in the
participating endowment contract. To help deal with the conflict, various methods are used to find
Pareto efficiency and Pareto improvement policies in the incentive contract. The two celebrated eco-
nomic concepts are widely used in optimal decision problems, as reported in Beck & Zorn (1982),
Escobar & Toikka (2013) and Chassang (2013). On the one hand, based on the concept, more favor-
able contract designs are studied. Døskeland & Nordahl (2008) and Chen et al. (2015) study whether
a nonlinear contract with a guarantee is a more favorable design for the policyholder. Lin et al. (2017)
and He & Kou (2018) study whether the first loss compensation mechanism realizes Pareto improve-
ment. On the other hand, new objective functions are proposed to obtain Pareto efficiency of the two
counterparts. Mcmillan (1987) studies the two stage optimization problem. Based on the awareness
of the self-interested behavior of the agent, the principal chooses the linear risk compensation scheme
as the optimal policy. Cvitanić et al. (2017) and Chen et al. (2019) study the constrained optimization
problem by introducing the participation constraint of the principal. In this paper, we propose a new
objective of the weighted utility to achieve Pareto improvement.

Nowadays, policyholders can easily redeem or convert the participating contract, and the com-
petition among the insurance companies is intense. Besides, because the insurance companies
occasionally default and cannot fulfill the obligations, the insurance regulators force the insurance
company to consider the benefits of the policyholders, as stated in Schmeiser & Wagner (2015) and
Chen et al. (2019). As such, it is natural that the optimization objective should include the benefits
of the two counterparts. Thus, choosing the weighted expected terminal utility of the policyholder
and the insurance company as the optimization objective is a rational setting. It is also regarded as
the insurance company’s utility optimization problem with the participation constraint of the poli-
cyholder’s reservation utility, and the weight parameter is determined by the bargaining powers (cf.
Larsen 2005, Cvitanić et al. 2017). Being different from the Value-at-Risk (VaR) constraint and fair
pricing constraint in Nguyen & Stadje (2019) and Chen et al. (2019), we use the reservation utility
of the policyholder as the participation constraint. In particular, the S-shaped utilities of the policy-
holder and the insurance company have heterogeneous benchmarks to distinguish gain and loss. As
such, weighting the two utilities leads to highly non-concave optimization. It is the essential difficulty
of the paper.

As stated above, we use S-shaped utility to depict the preferences of the insurance company and the
policyholder. Kahneman & Tversky (1979) and Tversky & Kahneman (1992) find that investors treat
gains and losses differently. They are risk averse on gains and risk-seeking on losses, and more sensi-
tive to losses than to gains. This theoretical finding in behavioral economics is supported by empirical
evidence, and has been successfully used in decision-making fields, as in Barberis & Thaler (2003),
Kouwenberg & Ziemba (2007) and He & Kou (2018). Furthermore, the S-shaped utility has already
been used to depict the preferences of the insurance company and the policyholder of the partic-
ipating contract in Lin et al. (2017). In this paper, the insurance company and the policyholder
respectively regard the negative payoff and the payoff lower than the reference terminal fund wealth
as the loss, and they both have loss-averse preferences.
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In particular, we assume that the minimal guarantee is a proportion of the reference terminal fund
wealth which is the reference point of the policyholder’s S-shaped utility. As such, the benchmarks
to distinguish gain and loss of the two counterparts’ utilities are heterogeneous. Weighting two S-
shaped utilities with heterogeneous benchmarks leads to a highly non-concave optimization problem,
which is no longer a traditional management problem for the insurance company’s utility. There exist
more than two separate concave and convex sections of the utility function, and the exact boundaries
between the sections are unknown. According to the different weight parameters, we identify two
categories of concave envelopes to establish the optimums. In addition, we recognize the existence of
Pareto improvement policies of the two counterparts by proposing a novel idea of switching into the
weighted utility and appropriately amending the contract.

The traditional management problem for the insurance company’s utility belongs to non-concave
optimization problems. These problems arise from the composition of a concave utility and con-
vex incentives (cf. Bichuch & Sturm 2014), or the CPT (Cumulative Prospect Theory) utility and
nonlinear incentives (cf. He & Kou 2018). Based on the duality method and concavification tech-
niques proposed by Karatzas et al. (1991), the non-concave optimization problem can be solved
by establishing the concave envelope of the utility function and deriving the optimal terminal fund
wealth (cf. Chen et al. 2015, Chen et al. 2019). However, in our model, weighting two S-shaped utility
functions with heterogeneous benchmarks induces a non-HARA objective utility and thus a highly
non-concave optimization problem. It is hard to identify the concave and convex sections of the utility
function. The boundaries between the sections are unknown, but depend on the weight parameter.
The difficulty rises especially on the interval between the heterogeneous benchmarks of the insurance
company and the policyholder. It is much more delicate to analyze the concavity and convexity of the
weighted utility and establish the case-by-case concave envelope than directly adopt the concavifica-
tion techniques. In addition, the non-HARA utility function results in an implicit form of the optimal
terminal wealth. As such, the difficulties exist in the integration with respect to this implicit terminal
wealth, especially in computing the utilities of two counterparts. These are the essential difficulties in
solving the weighted optimization problem in this paper.

The contribution of this paper is threefold. First, we identify that there exist two categories of
envelopes of the highly non-concave utility functions. Furthermore, any scenario can be classified
into one of the categories case by case, and the corresponding concave envelope can be estab-
lished. Based on the envelope, the optimal terminal fund wealth and optimal risk-taking policies
are derived, respectively. In practice, the identification methods can be extended to solve the sophis-
ticated highly non-concave optimization problems which come from the compositions of nonlinear
payoffs, non-concave utility functions and heterogeneous benchmarks. Second, we explore an inno-
vative numerical integration by substitutionmethod to solve the difficulties in computing the utilities
of two counterparts. As the terminal fund wealth cannot be solved explicitly, the effective integration
with respect to it can only be obtained by numerically integrating by substitution and deriving the
distribution of the integrand. The numerical integration by substitution techniques can be extended
to solve other numerical integration problems without an explicit expression of the integrand. Third,
it is the original idea to recognize the existence of the win-win results of switching into the weighted
utility function from the traditional utility function. We find that the utilities of the two counter-
parts can be simultaneously improved by amending the contract in favor of the insurance company’s
interest. In addition, the objective switching alters the distribution of the terminal fund wealth.
The distribution after the switching is more favorable for both of the policyholder and the insur-
ance company except for a small area towards the internal lower bound because of more aggressive
policies.

When finishing themanuscript, we have learned of the work of Nguyen& Stadje (2019) that inves-
tigates a general portfolio selection problem of the participating life insurance contracts with VaR
constraints andmortality risk. The results under themodel setting aremore supportive by the empiri-
cal observations. Being different from the literature, we use the policyholder’s reservation utility as the
participation constraints and utilize the weighted utility as the objective. The weighted non-concave
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utilities with heterogeneous benchmarks form the highly non-concave optimization problem, which
is the essential difficulty of the paper.

The remainder of this paper is organized as follows. Section 2 establishes two parallel stochas-
tic optimization problems. One is the traditional optimization problem for the insurance company’s
utility, while the other is the optimization problem for the weighted utility of the policyholder and
the insurance company. Section 3 uses the duality method and concavification techniques to solve
the non-concave optimization problem for the traditional objective and establish the optimal risk-
taking policies. Section 4 solves the highly non-concave optimization problem for theweighted utility.
Section 5 originally uses the numerical integration by substitution method to overcome the implicit
integration difficulties. Section 6 simulates the changes of the utility and the terminal fund wealth
distribution after switching into the weighted objective. The Pareto improvement is recognized by
the finding that the utilities of the two counterparts can both be improved by switching the objective
and amending the participating contract at the same time. Section 7 concludes the paper. All proofs
are given in the Appendixes.

2. Stochastic optimal control models

In the participating endowment contract, the special loss compensation mechanisms lead to hetero-
geneous benchmarks in the insurance company’s and the policyholder’s utility functions. In addition,
because of the intense competition among the insurance companies and the requirements of the reg-
ulators, the benefits of the policyholders should be considered. As such, the weighted utility of the
insurance company and the policyholder becomes the new objective.

2.1. Dynamics of the fundwealth

For simplicity, we assume that the contribution is paid at a constant rate, and there are only one risky
asset and one risk-free asset in the financial market. (�,F ,F,P) is a filtered complete probability
space on which is defined a BrownianmotionW = {Wt : t ≥ 0}. Given the investment period [0,T],
the equipped filtration F = {Ft}0≤t≤T is the augmentation under P of the filtration {FW

t }0≤t≤T gen-
erated by the Brownian motion W, that is, FW

t = σ {Wu : u ≤ t}, Ft = σ(FW
t ∪ N), and N is the

collection of P-null sets. The market is complete under the setting.
Given a control policyπ = {πt : 0 ≤ t ≤ T}, representing the amount of the fundwealth allocated

to the risky asset, the process of the fund wealth Xπ = {Xπ
t : 0 ≤ t ≤ T} is uniquely determined by

the following stochastic differential equation (SDE):

dXπ
t = rXπ

t dt + πtσ(dWt + θ dt) + c dt, X0 = 0, (1)

where r> 0 is the risk-free interest rate, σ > 0 is the volatility of the risky asset, θ > 0 is the market
price of risk and c is the contribution rate.

Because the insurance companies default occasionally and cannot fulfill the obligations of the
participating contract, the regulators check the financial status of the insurance company more fre-
quently. Once the insurance company is close to insolvent, the investment is required to be risk-free
and the solvency can be raised correspondingly, as shown in Briys &Varenne (1994) and Schmeiser &
Wagner (2015). In practice, most of the insurance companies have the internal lower bounds and the
liquidationmechanisms. Once the internal lower bound is reached, the liquidation happens and only
risk-free investment is allowed. In addition, the initial capital of the insurance company is required to
be larger than the gap between the minimal guarantee and the internal lower bound. As such, the liq-
uidation mechanism ensures the minimal guarantee is fully protected point by point. In other words,
the value of the internal lower bound depends on the capital strength of the insurance company.

In order to prevent the fund from being liquidated, we introduce the admissible policy. A policy
π is admissible if
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(1) π is an {Ft}0≤t≤T-adaptedR-valued process and almost surely (a.s.)
∫ T
0 π2

t dt < ∞;
(2) SDE (1) has a unique solution, denoted by Xπ ;
(3) Xπ

T ≥ L, where L � (1 − ρ)M andM �
∫ T
0 c er(T−t) dt = (c/r)(erT − 1).

We denote V[0,T] as the set of all admissible policies. M is the reference terminal fund wealth
which is achieved when the fund is fully allocated to the risk-free asset. We will state later thatM is
the reference point of the policyholder’s S-shaped utility. The terminal payoff lower than the reference
terminal fund wealth is regarded as loss by the policyholder. L is the internal lower bound, and ρ ∈
[0, 1] is themaximal drawdown ratio. Because themarket is complete, the constraint that the terminal
fund wealth cannot be lower than L implies that

Xπ
t ≥ Lt � e−r(T−t)

(
L −

∫ T

t
c er(T−s) ds

)
, ∀ t ∈ [0,T].

For any admissible policy π , if Xπ
t = Lt happens at some time t, there only exists one admissible

policy π ≡ 0; if Xπ
t < Lt happens at some time t, the terminal fund wealth has nonzero probability

to be lower than L. Thus, Lt is the internal lower bound at time t. Once the fund wealth reaches the
internal lower bound Lt at t, the liquidation happens. The current fund wealth and the subsequent
contributions will be fully allocated to the risk-free asset, and the terminal fund wealth is L. Because
the initial capital of the insurance company is larger than the gap between the minimal guarantee and
L, the minimal guarantee is fully protected by utilizing the internal lower bound and the liquidation
mechanism.

2.2. Payoffs of the insurance company and the policyholder

In the participating endowment contract, the payoff of the insurance company is

�1(XT) =
{

(1 − k)(XT − G), XT ≥ G,
XT − G, L ≤ XT < G,

(2)

where G is the minimal guarantee in the contract, and 1−k is the proportion of the fund wealth
exceeding theminimal guarantee which is given to the insurance company. In this contract, the payoff
of the insurance company is negativewhenXT < G, whichmeans that the insurance companywill pay
for the gap below theminimal guaranteeG. Themaximal compensation from the insurance company
is G−L and we assume that the initial capital of the insurance company is larger than G−L. As such,
the minimal guarantee is fully protected, and the payoff of the policyholder is

�0(XT) =
{
G + k(XT − G), XT ≥ G,
G, L ≤ XT < G.

(3)

Furthermore, we assume that the minimal guarantee is a proportion of the reference terminal fund
wealth, that is, G = l · M, where 0< l< 1 is the guarantee ratio. As such, the model setting in this
paper is equivalent to the settings in Briys & Varenne (1994), Lin et al. (2017) and Nguyen &
Stadje (2019), with the equity-to-liability ratio is (1 − l)/l. For simplicity, we do not take account
of the mortality risk issue.

2.3. Optimization problems for the single utility and theweighted utility

Traditionally, the conversion and the redemption of the participating endowment contract are diffi-
cult and costly. Besides, the policyholders lack opportunities to participate in the investment decision
process. As such, the benefits of the policyholders are seldom considered in the model settings. The



582 L. HE ET AL.

risk-taking policies are solely determined to maximize the insurance company’s expected utility.
For this circumstance, the policyholder’s utility is achieved by following the optimal policies of the
insurance company. Nowadays, policyholders can easily redeem or convert participating endowment
contracts, and the competition among the insurance companies is intense. Besides, the regulators
require to take account of the benefits of the policyholders. As such, the optimization problem
for the weighed utility of the two counterparts is an original concept reflecting the new trend in
endowment fundmanagement industry. In fact, based on the Lagrange multiplier methods and KKT
(Karush–Kuhn–Tucker) conditions, the optimization problem for the insurance company’s utility
with the participation constraint of the policyholder’s reservation utility can be easily converted into
the weighted optimization problem. Therefore, the weighted utility optimization problem has far
more applications including our model.

Before formulating the optimization problems (6) and (7) below, we introduce the insurance com-
pany’s and the policyholder’s utilities with loss-averse preferences, respectively. Û1 is the insurance
company’s S-shaped utility function with the reference point 0:

Û1(x) =
{
xp, x ≥ 0,
−λ(−x)q, x < 0,

(4)

where λ > 1 is the loss-averse degree, andmeasures the extent to which the insurance company is loss
averse. p, q ∈ (0, 1) are the diminishing sensitivity parameters. Similarly, the policyholder exhibits the
S-shaped utility function:

Û0(x) =
{

(x − M)p, x ≥ M,
−λ(M − x)q, x < M,

(5)

with reference pointM. It is natural that the policyholder regards the contributions accumulated by
the risk-free interest rate as the reference point. Any payoff below this reference point is regarded as
the loss. Recalling the payoffs of the insurance company and the policyholder, which are illustrated in
Figure 1, as the blue dashed and red solid lines, respectively. G̃ is a special point marked in Figure 1,
which is defined by G̃ � �−1

0 (M) = G + (M − G)/k. For the policyholder, when the terminal fund
wealth is G̃, the payoff achieves his/her reference pointM = G + k(G̃ − G). When the terminal fund
wealth is above G̃, a positive exceeding fund wealth (or the gain) of the policyholder is obtained. As
such, G̃ is the benchmark to distinguish gain and loss of the policyholder. For the insurance company,
G is the benchmark because the reference point is 0. Therefore, the two benchmarks to distinguish
the gain and loss in the utilities of the policyholder and the insurance company are heterogeneous.

The images of Û1 and Û0 are given in Figure 2 for an intuitive understanding. For simplicity, we
suppose that the policyholder’s diminishing sensitivity parameters are the same as the ones of the
insurance company. In fact, the sensitivity parameters of the two counterparts are not necessarily
the same. However, we lack the empirical evidence to estimate the magnitudes of the two. Besides,
the main findings are valid under the settings of heterogeneous sensitivity parameters, and the more
complicatedmodel setting does not lead tomore analytical difficulties. As such, we utilize the simpler
model setting.

For the traditional management problem, the insurance company solely controls the risk-taking
policy and maximizes his/her expected utility on V[0,T], that is,

sup
π∈V[0,T]

E[U1(Xπ
T )], (6)

where the utility function U1 = Û1 ◦ �1 is the composition of Û1 and �1. Meanwhile, the policy-
holder achieves his/her expected utility E[U0(XT)] with utility function U0 = Û0 ◦ �0 by following
the policy chosen by the insurance company. As shown graphically in Figures 1 and 2, the benchmarks
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Figure 1. Payoffs:�0 and�1.
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Figure 2. S-shaped utilities with loss-averse preferences: Û0 and Û1.

(G and G̃) to distinguish the positive and negative utilities (gain and loss) of the insurance company
and the policyholder are heterogeneous.

Under the current trend, the risk-taking policy is controlled by the third-party management to
maximize the weighted utility of two counterparts. Larsen (2005) originally studies the weighted
utility optimization problem for the concave utility function, and the policy is controlled by a central
planner. Cvitanić et al. (2017) study theweighted utility problem caused by seeking the incentive com-
patibility strategies under the principal–agent relationship. Inspired by the concept of Larsen (2005)
and Cvitanić et al. (2017), we utilize the weighted non-concave utility function as the optimization
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objective, and aim at maximizing the expectation of the weighted utility on V[0,T]:

sup
π∈V[0,T]

E[Uγ (Xπ
T )], (7)

where Uγ � (1 − γ )U0 + γU1, and γ ∈ [0, 1] is the weight to measure the importance of the
insurance company’s utility in the overall objective. The case γ = 0 degenerates to the optimiza-
tion problem for the single utility of policyholder, while the case γ = 1 is exactly the traditional
management problem for the single utility of the insurance company.

3. Traditional management problem for the insurance company’s utility

In this section, we study the traditionalmanagement problem (6) and obtain the optimal fundwealth,
the optimal risk-taking policies and the expected utilities. These results are used to compare the
changes of utilities with the third-party management problem (7) in Section 4, and further recognize
the Pareto improvement in Section 6.

On the existence conditions of the optimums in the stochastic control problems (6) and (7),
we state that the objective functions Uγ (γ ∈ [0, 1]) are piecewise linear combinations of power
functions, which satisfy the Inada condition U ′

γ (+∞) = 0 and the asymptotic elasticity condition
lim supx→+∞(xU ′

γ (x)/Uγ (x)) < 1 (cf. Kramkov & Schachermayer 1999).
The following is the solving procedure of Problem (6). First, because of the continuous injection

of the contributions in the endowment fund, the wealth process X = {Xt : 0 ≤ t ≤ T} is not self-
financed and does not follow the traditional geometric Brownian motion model, which causes the
difficulty in using themartingalemethod. Fortunately, an auxiliary labor capital process can be added
to make the total wealth process exhibit the self-financing property. This is a technical skill that has
been used byKwak et al. (2011), Han&Hung (2012), Pirvu&Zhang (2012) andGuan&Liang (2014).
In this paper, the future labor capital H(t) per unit contribution at time t is defined by

H(t) �
∫ T

t
e−r(s−t) ds = 1

r
(1 − e−r(T−t)),

and the total wealth is

Yπ
t � Xπ

t + H(t)c, ∀ t ∈ [0,T].

Because the labor capital vanishes at the terminal time, Xπ
T equals Yπ

T for any policy π . As such,
Problem (6) can be transformed to an equivalent self-financing optimization problem on V[0,T]:

sup
π∈V[0,T]

E[U1(Yπ
T )], (8)

where the total wealth process Yπ = {Yπ
t : 0 ≤ t ≤ T} follows

dYt = rYt dt + πtσ(dWt + θ dt),

Y0 = 1
r
(1 − e−rT)c.

(9)

Second, the control set of all admissible policies can be transformed into a set of all admissible termi-
nal total wealth. The equivalence of these control sets is supported by the following Proposition, and
the proof is given in Appendix 1.
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Proposition 3.1: Denote

ξt � exp
{
−

(
r + θ2

2

)
t − θWt

}
(10)

as the exclusive state price density at time t. Define

V(Y0) � {YT : FT−measurable, E[ξTYT] = Y0, YT ≥ L, a.s.} , (11)

then V(Y0) is non-empty and equals to the set of all admissible terminal total wealth:

{
YT : ∃π ∈ V[0,T] such that YT = Xπ

T
}
.

Proof: See Appendix 1. �

Thanks to Proposition 3.1, the optimization problem (8) is equivalent to the following optimiza-
tion problem (12) on the set of admissible terminal total wealth:

sup
YT∈V(Y0)

E[U1(YT)]. (12)

Third, the nonlinear payoffs and the S-shaped utility jointly destroy the concavity of the utility func-
tion. The duality method can be effectively used to solve the non-concave optimization problem (12).
From the envelope of the utility function, the corresponding optimal terminal fund wealth and the
optimal risk-taking policies are derived.

Because {Yt : 0 ≤ t ≤ T} is self-financed, {ξtYt : 0 ≤ t ≤ T} is a martingale. As such,

sup
YT∈V(Y0)

E[U1(YT)] = sup
YT∈V(Y0)

{E[U1(YT) − νξTYT] + E[νξTYT]}

= sup
YT∈V(Y0)

E[U1(YT) − νξTYT] + νY0,

for an undetermined positive number ν. In addition, the Legendre transform of U1 appears on the
right hand side of the last equality. Based on the standard calculus, for any ν > 0,

Y(ν) � argmax
y≥L

[U1(y) − νy] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
G + (C0 − G)

(
ν

κ0

)1/(p−1)
, if 0 < ν < κ0,

{C0, L}, if ν = κ0,
L, if ν > κ0,

where C0 is the unique solution of

U1(C0) − U1(L) = U1
′(C0)(C0 − L),

⇔ (1 − p)(C0 − G)p − p(G − L)(C0 − G)p−1 + λ

(1 − k)p
(G − L)q = 0 (13)

in (G,∞), and κ0 is

κ0 = U1
′(C0) = p(1 − k)p(C0 − G)p−1. (14)
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Figure 3. Envelope of the insurance company’s single utility.

It is worth emphasizing that C0 is the tangent point from (L,U1(L)) to the graph of y = U1(x) (x ≥
G), which uniquely exists as U ′

1(G) = ∞. We call C0 the turning point, and it plays a vital role in
determining the optimal policy. For an intuitive understanding, the envelope of U1 with this tangent
line is shown graphically in Figure 3.

Based on these preliminaries, the optimal terminal fund wealth can be explicitly expressed in the
following proposition, and its proof is given in Appendix 2.

Proposition 3.2: The optimal terminal fund wealth X∗
T is

X∗
T = Y(ν∗ξT) =

(
G + (C0 − G)

(
ν∗ξT
κ0

)1/(p−1)
)
1{ξTν∗<κ0} + L1{ξTν∗≥κ0}, (15)

where ν∗ is the unique root of

E[ξTY(ν∗ξT)] = 1
r
(1 − e−rT)c. (16)

Proof: See Appendix 2. �

The optimal terminal fund wealth is the composition of two items with two indicators: The first
indicator is 1{ξTν∗<κ0}, which equals one when ξT is relatively small. This condition is satisfied when
the fund wealth is large and not liquidated. The second indicator is 1{ξTν∗≥κ0}, which equals one
when ξT is relatively large. This condition is satisfied when the liquidation occurs at the terminal
time. Because {ξtY∗

t : 0 ≤ t ≤ T} is a martingale, the optimal total wealth process {Y∗
t : 0 ≤ t ≤ T}

can be obtained by the martingale representation theorem. In addition, the optimal fund wealth pro-
cess {Xπ∗

t : 0 ≤ t ≤ T} and the corresponding expected utility of the insurance company can both be
explicitly derived. These results are summarized in the following Theorem 3.3, and its proof is given
in Appendix 3.

Theorem 3.3: In the traditional management problem (6),

(1) the optimal fund wealth is

X∗
t = e−r(T−t)

(
L + (G − L)(d1,t) + (C0 − G)

′(d1,t)
′(d2,t)

(d2,t)
)

− c
r
(1 − e−r(T−t)).

(17)
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(2) The optimal risk-taking policy of the insurance company is

π∗
t = θ

σ (1 − p)

⎛
⎜⎜⎜⎝X∗

t + H(t)c︸ ︷︷ ︸
totalwealth

− (
(d1,t)G + (1 − (d1,t))L

)
e−r(T−t)︸ ︷︷ ︸

depositterm

+ (1 − p)′(d1,t)
e−r(T−t)

θ
√
T − t

(C0 − L)︸ ︷︷ ︸
risk seeking term

⎞
⎟⎟⎟⎠ . (18)

(3) The expected utilities of the insurance company and the policyholder are respectively as follows:

E[U1(X∗
T)] = −λ(G − L)q(−d3,0) + (1 − k)p

(
ν∗

κ0

)p/(p−1)

× (C0 − G)p eT((θ2/2)(p/(1−p)2)+rp/(1−p))(d2,0),

E[U0(X∗
T)] = −λ(M − G)q(−d3,0) + E[(A1 + B1 e−D1·N )p1{N>−d4,0}]

+ E[−λ(−A1 − B1 e−D1·N )q1{−d3,0<N≤−d4,0}],

where

A1 � G − M, B1 � k(C0 − G)

(
ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T , D1 � θ

√
T

p − 1
,

d1,t � 1
θ
√
T − t

(
log

(
κ0

ν∗ξt

)
+

(
r − θ2

2

)
(T − t)

)
, d2,t � d1,t + θ

√
T − t

1 − p
,

d3,t � d1,t + θ
√
T − t, d4,t � d3,t +

(p − 1) log
(

M−G
k(C0−G)

∨ 1
)

θ
√
T − t

,

(·) is the cumulative distribution function (CDF) of the standard normal distribution, C0 is the
solution of Equation (13), κ0 and ν∗ are determined by (14) and (16), respectively.

Proof: See Appendix 3. �

In the right hand side ofEquation (17), the first item is the optimal total wealth Y∗
t at time t, which

is obtained by the martingale representation theorem; the second item is the labor capital at time t.
In the right hand side of Equation (18), the optimal risk-taking policy is the product of θ/σ(1 − p)
and an adjusted wealth. This key result naturally extends theMerton’s portfolio selection theory of an
optimal investment (cf. Merton 1969). More precisely, in addition to the total wealth term, there exist
two adjusted terms: the deposit term and the risk seeking term. The deposit term is subtracted from
the total wealth to prevent the early liquidation, and the liquidation only happens at the terminal time.
This result is caused by the continuous injection of contributions in the endowment fund, which is
different from the result in mutual fund management. The risk seeking term is added for seeking a
positive payoff. When the fund wealth is low and the time approaches the terminal time T, this risk
seeking term becomes decisive and the gambling behavior appears (cf. He et al. 2019).

The expected utility of the insurance company is composed of two items. The first item is the
expected utility on the insurance company’s liquidated loss, where (−d3,0) is the probability of liq-
uidation. The second item is the expected utility on the insurance company’s gain. Similarly, the
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expected utility of the policyholder is composed of three items: the first item corresponds to the
expected utility on the policyholder’s liquidated loss; the second item corresponds to expected utility
on the policyholder’s gain; the third corresponds to the expected utility on the policyholder’s unliq-
uidated loss, which is nonzero if and only if C0 < G̃. As a simpler case, based on Equation (15),
when C0 ≥ G̃, because X∗

T ≥ C0 ≥ G̃ is valid on the event {ξTν∗ < κ0}, the policyholder is recog-
nized as loss if and only if the liquidation occurs. In this circumstance, the third item vanishes as
C0 − G ≥ (M − G)/k and d4,t = d3,t . Another point worth emphasizing is that the expression of
E[U0(X∗

T)] is implicit, which causes difficulty in computing the integration. Thus, to overcome this
difficulty, a numerical integration by substitutionmethod is proposed in Section 5.

4. Third-party management problem for the weighted utility

We investigate the third-party management problem (7) for the weighted utility. When γ = 0, 1,
Problem (7) is reduced to the single utility optimization problem, which can be treated in a way
similar to Theorem 3.3. The weighted utility optimization problem when γ ∈ (0, 1) can be formu-
lated into a highly non-concave optimization problem. Because exact concavity and convexity of the
weighted utility function are unknown, the duality method developed by Karatzas et al. (1991) and
concavification techniques adopted in Carpenter (2000) cannot be directly applied to derive the enve-
lope of the utility function here. We develop an identification method to establish two categories of
envelopes for the highly non-concave optimization problem according to the weight parameter in
the objective. Furthermore, the expression of the terminal fund wealth cannot be explicitly derived
because of the non-HARA properties of the utility function. These are the essential difficulties in
solving the weighted utility optimization problem.

4.1. Highly non-concave utility optimization problem

For the optimization problem (7), the objective function is the weighted utility of the policyholder
and the insurance company. As shown inFigure 4, there exist more than two separate concave and
convex sections in the overall utility function. It is a highly non-concave function caused by the fol-
lowing reasons: First, the payoffs of the two counterparts are nonlinear with respect to the terminal
fund wealth. Second, the utility with loss-averse preference is the S-shaped function. The above two
properties result in non-concave utility functions. The last and the most important reason is that
the benchmarks to distinguish the gain and loss in the two utility functions are heterogeneous. The
convexity and concavity change remarkably at the benchmark for the S-shaped utility. The change
happens first at the neighborhood of the benchmark G in the insurance company’s utility, and later
at the neighborhood of the benchmark G̃ in the policyholder’s utility. The two remarkable changes
are reflected in the weighed utility function. As such, the weighted composition of two non-concave
functions with heterogeneous benchmarks results in the highly non-concave optimization problem.
Comparing to the existing literature, the following three essential difficulties need to be solved in this
paper. First, how to establish the concave envelope of the highly non-concave utility? Second, based on
the heterogeneous bargaining powers, will the optimal risk-taking policies be homogeneous? Third,
if the optimum has only an implicit expression, how to solve the implicit integration difficulties in
deriving the expected utilities?

4.2. Two categories of envelopes and solutions

The weighted utility of the two counterparts forms the highly non-concave utility function. As dis-
cussed above, the exact concavity and convexity of the utility function are unknown, but depend on
the weight parameter. In this section, we establish two categories of concave envelopes (Case 1 and
Case 2). In addition, we develop an identification method to classify each scenario into one of the
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Figure 4. Two tangent lines.

categories according to the relationship between two tangent lines (19) and (20) below, or essen-
tially according to the value of the weight parameter. Case 1 is more complicated corresponding
to the concave envelope with four smooth parts. Case 2 is simpler corresponding to that with two
smooth parts.

Above all, it is verified from the explicit expressions that Uγ is dominated by some affine func-
tion. This guarantees that the Legendre transform of Uγ is finite and the concave envelope of Uγ

always exists.
To generate the concave envelope of Uγ , we introduce the two tangent lines, which serves as the

linear part of the concave envelope. The insights are shown in Figure 4. The blue dotted line is a
tangent line from (L,Uγ (L)) to the tangent point (C21,Uγ (C21)), which is in the neighborhood of
(G̃,Uγ (G̃)). Because Uγ

′(G̃) = ∞, C21 can be uniquely determined by the following equation:

Uγ (C21) − Uγ (L) = Uγ
′(C21)(C21 − L),

C21 > G̃.
(19)

The slope of this tangent line is denoted as κ21 � Uγ
′(C21). The red dashed line is a tangent line from

the tangent point (C12,Uγ (C12)) to the tangent point (C13,Uγ (C13)), which are in the neighborhoods
of (G,Uγ (G)) and (G̃,Uγ (G̃)), respectively.

BecauseUγ
′(G) = Uγ

′(G̃) = ∞,C12 andC13 are uniquely determined by the following equations:

Uγ (C13) − Uγ (C12) = Uγ
′(C13)(C13 − C12),

Uγ
′(C12) = Uγ

′(C13),

G < C12 < G̃, C13 > G̃.

(20)

The slope of this tangent line is denoted as κ12 � Uγ
′(C12). The two slopes κ12 and κ21 are cut-off

values of distinguishing the shape of envelope, that is, they influence the optimal terminal fundwealth.
The main results are summarized as follows:
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Theorem 4.1: (1) The envelope (biconjugate) of Uγ can be case-by-case specified into one of the
two categories. When κ21 > κ12 (Case 1), the envelope of Uγ is

U∗∗
γ (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Uγ (L) + κ11(x − L), L ≤ x ≤ C11,
Uγ (x), C11 < x < C12,
Uγ (C12) + κ12(x − C12), C12 ≤ x ≤ C13,
Uγ (x), x > C13,

(21)

where κ11 � Uγ
′(C11), and C11 is the unique solution of the following equation:

Uγ (C11) − Uγ (L) = Uγ
′(C11)(C11 − L),

G < C11 ≤ G̃,Uγ
′′(C11) ≤ 0.

(22)

When κ21 ≤ κ12 (Case 2), the envelope of Uγ is

U∗∗
γ (x) =

{
Uγ (L) + κ21(x − L), L ≤ x ≤ C21,
Uγ (x), x > C21.

(23)

(2) The optimal terminal fund wealth X∗
T of Problem (7) is

X∗
T = Yγ (ν∗ξT), (24)

where ν∗ is the unique positive number satisfying

E[ξTX∗
T] = 1

r
(1 − e−rT)c, (25)

and Yγ is given by:
(a) Case 1,

Yγ (ν) =

⎧⎪⎨
⎪⎩

(Uγ
′|[C13,∞))

−1(ν), 0 < ν ≤ κ12,
(Uγ

′|[C11,C12))
−1(ν), κ12 < ν ≤ κ11,

L, ν > κ11.
(26)

(b) Case 2,

Yγ (ν) =
{

(Uγ
′|[C21,∞))

−1(ν), 0 < ν ≤ κ21,
L, ν > κ21.

(27)

Proof: See Appendix 4. �

Theorem 4.1 distinguishes two categories of envelopes by comparing two slopes of tangent lines:
κ12 and κ21.

Case 1 corresponds to the one with relatively large weight parameter γ . Because the convexity
and concavity change remarkably at the benchmark, a higher weight γ better reflects the insurance
company’s utility change in the weighted utility function. Figure 5 portrays the weighted combination
of utility functions of the insurance company and the policyholder in Case 1, and Figure 6 shows its
envelopeU∗∗

γ . Recalling the expression (21), the envelope consists of four parts, including two tangent
lines on [L,C11] and [C12,C13], and two strictly concave curves on [C11,C12] and [C13,∞). We call
C11,C12 andC13 the first, second and third turning points, respectively, as they distinguish the tangent
lines and strictly concave curves.
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Figure 5. Weighted utility: Case 1.
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Figure 6. Concave envelope: Case 1.

Case 2 corresponds to the one with the relatively small weight γ , especially, γ = 0.Figure 7
portrays the weighted combination of the utility functions of the insurance company and the pol-
icyholder, while its envelope U∗∗

γ is shown in Figure 8. Recalling the expression (23), the envelope
has two parts consisting of a tangent line on [L,C21] and a strictly concave curve on [C21,∞). In this
case, the change of convexity and concavity at the benchmark G for the insurance company’s utility
function is dominated by the convexity on [G, G̃] of the policyholder’s utility function. We call C21
the first turning point in Case 2.

For the third-party management problem (7), the optimal terminal fund wealth is expressed
in (24), where the expression Yγ varies with respect to different γ . Yγ is a function mapping the
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Figure 7. Weighted utility: Case 2.
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Figure 8. Concave envelope: Case 2.

marginal utility κ to the optimal terminal fund wealth, which is derived from the Legendre trans-
form. In order to clearly portray the optimal terminal fund wealth, we give detailed expressions for
the two cases. In Case 1, the optimal terminal fund wealth is

X∗
T = (Uγ

′|[C13,∞))
−1(ξTν∗)1{ξTν∗≤κ12}

+ (Uγ
′|[C11,C12))

−11{κ12<ξTν∗≤κ11} + L1{ξTν∗>κ11}, (28)
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which is composed of three items with indicators. The first indicator is 1{ξTν∗≤κ12}, which equals one
when ξT is relatively small, that is, the Brownian motion is relatively large according to (10). From
an economic viewpoint, this condition is satisfied when the policyholder gains (has positive utility)
at terminal time. The second indicator is 1{κ12<ξTν∗≤κ11}, which equals one when the policyholder
loses (has negative utility) without liquidation at the terminal time, that is, the insurance company
gains under this condition. The third indicator is 1{ξTν∗>κ11}, which equals one when the liquida-
tion occurs at the terminal time. In this condition, the insurance company and the policyholder lose
simultaneously.

In Case 2, the optimal terminal fund wealth is

X∗
T = (Uγ

′|[C21,∞))
−1(ξTν∗)1{ξTν∗≤κ21} + L1{ξTν∗>κ21}, (29)

which is composed of two items with indicators. We note that X∗
T in (29) has an analogous expres-

sion to that for X∗
T in Equation (15). However, they indeed have great differences in the distribution

of the terminal wealth. Empirically, κ0 > κ21 is valid, such that, the probability of liquidation for the
third-partymanagement problem (7) is higher than that for the traditional management problem (6).
One possible reason is that the third-party manager considers more about the policyholder’s prefer-
ence in Case 2 (for relatively small γ ). Because the policyholder gains only if the terminal wealth
is greater than G̃, it results in more aggressive investment policies. Another difference is the range
of the terminal wealth. For the third-party management problem (7), the terminal wealth is L if the
liquidation happens, otherwise, it ranges in [C21,∞). For the traditional management problem (6),
the range of terminal wealth is [C0,∞), which includes a wider range, becauseG < C0 < G̃ < C21 is
valid empirically.

InEquation (24), ν∗ is themarginal utility of one extra fund wealth and determined by (25). Rigor-
ously, itmakes the discounted terminalwealthE[ξTX∗

T] equal to the initial totalwealth.Unfortunately,
Equation (25) is hard to solve. This is because the optimal terminal fund wealth for the third-party
management problem (7) cannot be explicitly expressed. As such, the optimal fund wealth process,
the optimal policies and the expected utilities of the two counterparts cannot be explicitly expressed.
To overcome these difficulties, we explore an original numerical integration by substitution method
in the next section to compute the integral with respect to an implicit terminal fund wealth.

4.3. Optimal risk-taking policies

We explain the optimal risk-taking policies according to the implications of the theoretical results.
Referring to He & Kou (2018) and He et al. (2019), and the explanations of the results in Theorem 3.3
for the traditional management problem (6), the linear envelope of the utility function represents
risk-seeking properties. When the fund wealth is within the linear envelope regions and the time
approaches the terminal time, the optimal risky proportion πt at the time t tends to infinite. Con-
versely, the optimal policies are more conservative within the strictly concave envelope regions. As
such, the optimal policies have the peak-valley patterns. Because the S-shaped utility function repre-
sents the loss-averse properties, the insurance company and the policyholder prefer to allocate large
amount to the risky asset and gamble for the gain when the fund wealth falls below their respective
benchmarks.

In Case 1 ofFigure 6, the insurance company and the policyholder are both loss averse below the
first turning point C11, and the gambling behavior results in either the liquidation or the fund wealth
exceeds the insurance company’s benchmark. As the weight parameter is relatively large in this case,
change in the insurance company’s utility function fromconvexity to concavity ismore reflected in the
weighted utility function. As such, a more remarkable highly non-concave utility results in a strictly
concave envelope (from C11 to C12) in the middle and a second linear envelope (from C12 to C13).
Within the strictly concave envelope, the gambling policy dramatically decreases the insurance com-
pany’s utility. This impact dominates the moderate increase of the policyholder’s utility. As such, the
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relatively conservative policy is taken in this region. Within the second linear envelope, the poli-
cyholder’s utility promotion from loss to gain by taking the gambling policies is drastic. This fact
dominates the moderate change of the insurance company’s utility reduction. In Case 2, the insur-
ance company’s utility change is always dominated by policyholder’s utility change. In Figure 8, there
is only one much wider region (from L to C21) of aggressive risk-taking policies. This fact results in
either the liquidation, or the fund wealth exceeding the policyholder’s benchmark.

Being different from the results in Theorem 3.3 for the traditional management problem (6), there
exist one more risk-seeking region in Case 1, and a wider risk-seeking region in Case 2. Because
the benchmark of the policyholder is higher, the loss-averse region is wider. As such, adding the
policyholder’s utility in the weighted objective function induces larger risk-seeking regions. This fact
results in more aggressive risk-taking policies.

5. Implicit integration and numerical integration by substitution

In order to investigate the utility changes of the two counterparts after switching into the weighted
objective, we desire to compute the expected utilities of the insurance company and the policyholder:
E[U1(X∗

T)] and E[U0(X∗
T)] for the weighted objective. Based on the implicit expression (24), the dif-

ficulties exist in computing the integration with respect to an implicit integrand. We originally adopt
the integration by substitutionmethod to convert the original integral into an equivalent integral with
an explicit integrand.

5.1. Difficulties in implicit integration

We first show the difficulties in the integration with respect to an implicit integrand. Taking Case 2
for example, the expected utility of the insurance company is

E[U1(X∗
T)]

= E[(1 − k)p((Uγ
′|[C21,∞))

−1(ν∗ξT) − G)p1{ν∗ξT≤κ21}]

+ E[−λ(G − L)q1{ν∗ξT>κ21}], (30)

and the expected utility of the policyholder is

E[U0(X∗
T)]

= E[(k(Uγ
′|[C21,∞))

−1(ν∗ξT) + (1 − k)G − M)p1{ν∗ξT≤κ21}]

+ E[−λ(M − G)q1{ν∗ξT>κ21}]. (31)

Because it is impossible to find an anti-derivative of the integrand, the expected utility can only be
derived by numerical integration methods. In the traditional numerical integration approach, we
compute the values of the integrand at finitely many specified integration points x1, x2, . . . , xN , and
the weighted sum of these values is used for integral approximation. For example, polynomial inter-
polating functions and quadrature formulas are designed to approximate the integral. The integral
will be well approximated if the partition of the integration points is fine enough, and the integrand is
explicit and smooth enough. However, the numerical integrations in Equations (30) and (31) involve
the implicit function Yγ . Taking the first term of E[U1(X∗

T)] in Equation (30) for example, it will be
approximated by

E[(1 − k)p((Uγ
′|[C21,∞))

−1(ν∗ξT) − G)p1{ν∗ξT≤κ21}]

= E[(1 − k)p(Yγ (ν∗ξT) − G)p1{ν∗ξT≤κ21}]

= (1 − k)p
∫ +∞

ζ(κ21)

(
Yγ (ν∗ e−(r+θ2/2)T−θ

√
T·x) − G

)p 1√
2π

e−x2/2 dx
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= (1 − k)p
∫ 1

0

(
Yγ (ν∗ e−(r+θ2/2)T−θ

√
T(ζ(κ21)+t/(1−t))) − G

)p
× 1√

2π
e−(1/2)(ζ(κ21)+t/(1−t))2 dt

(1 − t)2

≈ (1 − k)p
N∑
i=1

(
Yγ (ν∗ e−(r+θ2/2)T−θ

√
T(ζ(κ21)+ti/(1−ti))) − G

)p

× 1√
2π

e−(1/2)(ζ(κ21)+ti/(1−ti))2 αi

(1 − ti)2
, (32)

where {ti}Ni=1 is a partition of the interval [0, 1] and {αi}Ni=1 is the correspondingweight of the partition
in the numerical integration method. ζ(κ) � −(1/θ

√
T)[log(κ/ν∗) + (r + θ2/2)T] will be investi-

gated further in the subsequent subsection. Because Yγ is implicit, as in Theorem 4.1, the only way
of computing

yi � Yγ (ν∗ e−(r+θ2/2)T−θ
√
T(ζ(κ21)+ti/(1−ti)))

is to solve the following equation

U∗∗
γ

′
(yi) = ν∗ e−(r+θ2/2)T−θ

√
T(ζ(κ21)+ti/(1−ti)), (33)

point-wise.
As an important procedure in solving the optimization problem, ν∗ has to be first solved

fromEquation (25). In Case 2, Equation (25) can be rewritten as follows:

1
r
(1 − e−rT)c = E[ξTX∗

T(ν∗)]

= E[ξTYγ (ν∗ξT)1{0<ν∗ξT≤κ21}] + E[ξTL1{ν∗ξT>κ21}]

=
∫ +∞

ζ(κ21)
e−(r+θ2/2)T−θ

√
T·x

Yγ (ν∗ e−(r+θ2/2)T−θ
√
T·x)

1√
2π

e−x2/2 dx

+ L e−rT(ζ(κ21) + θ
√
T). (34)

Obviously, the above calculations involve the implicit function Yγ . No matter what interpolating
functions are used for the implicit integrands, the result is inaccurate due to the implicit approxi-
mation issue. In the following part, we originally propose the Numerical Integration of Substitution
method, which overcomes the implicit integration difficulties and establishes an accurate explicit
expression of the integration.

5.2. Explicit integrand and explicit distribution

We use the method of integration by substitution to change the implicit integral into the equivalent
integral with respect to an explicit integrand and an explicit measure. The former is the utility func-
tion U0 or U1, and the latter is the distribution of the optimal terminal fund wealth. To illustrate the
procedure of transforming the integral, the first term in Case 2 is shown as an example:

E
[
(1 − k)p[(Uγ

′|[C21,∞))
−1(ν∗ξT) − G]p1{ν∗ξT≤κ21}

]
= (1 − k)p

∫ +∞

ζ(κ21)

[
(Uγ

′|[C21,∞))
−1(ν∗ e−(r+θ2/2)T−θ

√
T·z) − G

]p 1√
2π

e−z2/2 dz
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= (1 − k)p
∫ +∞

κ21

[(Uγ
′|[C21,∞))

−1(κ) − G]p
1√
2π

e−ζ(κ)2/2 dζ(κ)

= (1 − k)p
∫ +∞

C21

[y − G]p
1√
2π

e−ζ(Uγ
′(y))2/2 dζ(Uγ

′(y))

= (1 − k)p
∫ +∞

C21

[y − G]p
1√
2π

e−N (y)2/2N ′(y) dy, (35)

whereN (y) � ζ ◦ U∗∗
γ

′(y), and

ζ(κ) � − 1
θ
√
T

(
log

( κ

ν∗
)

+
(
r + θ2

2

)
T
)
. (36)

In Equation (35), the variable z is potential value of a standard normal random variable at time T. We
call z fluctuation. If z is relatively large on some sampleω ∈ �, the price density at time T is large and
the portfolio performs well. Furthermore, we propose two functions ζ andN in Equation (35). The
former is a function mapping the marginal utility κ to the fluctuation z, while the latter is a function
mapping optimal terminal fund wealth to the fluctuation z. Recalling Yγ defined in Theorem 4.1,
we establish three functions, which construct the one-to-one mappings among the fluctuation z, the
marginal utility κ and the optimal terminal fund wealth. Take Case 1 for example. The mapping
relationships among these three quantities are shown in Table 1.

As such, we can directly determine the distribution of X∗
T through the two transformations and

mapping relationships. Furthermore, the integral with respect to the random fluctuation z can be
transformed into a integral with respect to the distribution of the optimal terminal fundwealth, which
has a semi-explicit expression. The following Theorem 5.1 generalizes the results of the two cases in
a unified expression, and its proof is given in Appendix 5.

Theorem 5.1:

(1) DenoteN � ζ ◦ U∗∗
γ

′, then

F∗(y) = (N (y))1{y≥L} (37)

is the CDF of X∗
T inEquation (24), and X∗

T is the optimal terminal fund wealth in Problem (7).
(2) For any utility function U, the expected utility is

E[U(X∗
T)] =

∫ +∞

−∞
U(y) dF∗(y) = U(L)(N (L)) +

∫ +∞

L
U(y) dF∗(y)

= U(L)(N (L)) +
∫ 1

0
U

(
L + t

1 − t

)
′

×
(
N

(
L + t

1 − t

))
N ′

(
L + t

1 − t

)
dt

(1 − t)2
. (38)

Based on the explicit expression of the distribution F∗(y) ofX∗
T in Equation (37), we can use the tra-

ditional numerical integration method to compute any integral with respect to the optimal terminal

Table 1. Mapping relationships in weighted utility optimization: Case 2.

Terminal fund wealth X L [C21,+∞)

Marginal utility κ (κ21,+∞) (0, κ21]
Fluctuation ζ(·) (−∞, ζ(κ21)) [ζ(κ21),+∞)
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fund wealth. First, the left hand side of Equation (25) can be numerically computed as follows:

E[ξTX∗
T(ν∗)] = L e−rT(ζ(κ21) + θ

√
T) + 1

ν∗

∫ +∞

C21

Uγ
′(y) · y · dF∗(y).

In addition, the marginal utility ν∗ can be solved by the bisection method, which makes the above
formula equal to (1/r)(1 − e−rT)c. Second, byEquation (38), the utilities of the insurance company
and the policyholder are

E[U1(X∗
T)]

= U1(L)(N (L)) +
∫ +∞

L
U1(y) dF∗(y)

= U1(L)(N (L)) +
∫ 1

0
U1

(
L + t

1 − t

)
dF∗

(
L + t

1 − t

)

= U1(L)(N (L)) +
∫ 1

0
U1

(
L + t

1 − t

)
′

(
N

(
L + t

1 − t

))
N ′

(
L + t

1 − t

)
dt

(1 − t)2

and

E[U0(X∗
T)]

= U0(L)(N (L)) +
∫ 1

0
U0

(
L + t

1 − t

)
′

(
N

(
L + t

1 − t

))
N ′

(
L + t

1 − t

)
dt

(1 − t)2
,

respectively. Based on the numerical integration methods, E[U1(X∗
T)] can be approximated by

U1(L)(N (L)) +
N∑
i=1

U1

(
L + ti

1 − ti

)
′

(
N

(
L + ti

1 − ti

))
N ′

(
L + ti

1 − ti

)
αi

(1 − ti)2
,

where {ti}Ni=1 is a partition of the interval [0, 1], and {αi}Ni=1 is the corresponding weight that∑N
i=1 αi = 1. In addition, a more accurate method is the symbolic integration based on the com-

puting systems, such as MATLAB andWolframMathematica. Taking MATLAB for example, we can
directly compute the indefinite integral or anti-derivative of f (x) by the syntax int(f , x) (provided one
exists in closed form). This method is slower but more accurate. It is preferred when the integrand
has a symbolic expression and the computing power is sufficient. To sum up, Theorem 5.1 provides
a new approach to solve the implicit integration in Problem (7), and thus we can effectively solve the
optimization problem under a non-HARA utility.

On the computation time issue, each computation of the expected utility is divided into two steps:
the first step is to solve ν∗ from Equation (25), which needs N times of Numerical Integration of
Substitution arithmetics. The number of iterationsN depends on required accuracy. The second step
is to compute E[U1(X∗

T(ν∗))] and E[U0(X∗
T(ν∗))], which needs two times of Numerical Integration

of Substitution arithmetics. Table 2 shows the average computation time of the arithmetics. The result
is calculated based on the parameters in Table 3 of Section 6.

6. Numerical illustration

We set reasonable parameter values according to the empirical data in the financial market and the
endowment fund management industry. The parameters that depict the profiles of the risk-free and
risky assets are r = 0.05, σ = 0.3 and θ = 0.12. Furthermore, the one unit contribution c is set to
be 1. The accumulation phase lasts for T = 20 years. As the minimal guarantee is slightly lower than
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Table 2. Computation time of the expected utilities with the parameters in Table 3.

Required accuracy Iterations Value Computation time

Step 1: Computing ν∗ from Equation (25)
10−3 N = 25 ν∗ = 0.235639 273.5 s
10−4 N = 30 ν∗ = 0.235625 322.1 s
10−5 N = 34 ν∗ = 0.235624 347.8 s
10−6 N = 38 ν∗ = 0.235624 401.7 s

Step 2: Computing (E[U1(X∗
T (ν∗))],E[U0(X∗

T (ν∗))])
10−3 N = 2 (4.925409, 2.096771) 36.7 s
10−4 N = 2 (4.925657, 2.096915) 36.6 s
10−5 N = 2 (4.925673, 2.096925) 36.6 s
10−6 N = 2 (4.925675, 2.096926) 36.7 s

Total
10−3 N = 27 / 310.2 s
10−4 N = 32 / 358.7 s
10−5 N = 36 / 384.4 s
10−6 N = 40 / 438.4 s

Note: Based on MATLAB R2017b, Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz.

Table 3. Parameter settings in the numerical illustration.

r σ θ X0 c T l ρ k p q λ γ

0.05 0.3 0.12 0 1 20 0.9 0.7 0.7 0.5 0.5 2.25 0.5

the reference terminal fund wealth, we set that l = 0.9. The maximal drawdown ratio is ρ = 0.7. The
proportion paid to the policyholder is k = 0.7 in practice. The diminishing sensitivity parameters of
the insurance company and the policyholder are p = q = 0.5. The loss-averse degree is λ = 2.25. The
above two assumptions are consistent with the parameters in He & Kou (2018). Additionally, because
the benefits of the policyholders should be better considered in the overall objective, Case 2 with a
larger weight parameter of the policyholder is more representative. We set that γ = 0.5, and then
the scenario belongs to Case 2. For the robust test, similar results are valid in Case 1. The parameter
settings are summarized in Table 3.

6.1. Utility changes and Pareto improvement

We study the impacts of two key parameters k and l of the participating contract on the utilities
of the insurance company and the policyholder, before and after the objective switching. Based on
the analysis, we recognize the existence of the Pareto improvement policy, that is, one of the two
counterparts’ utilities will be improved while keeping the other utility non-decreasing by switching
the objective and appropriately amending the contract.

In Figure 9, the results illustrate the impacts of the share proportion k on the utilities for two
objectives. The blue dashed line with circles represents the utility of the insurance company for the
traditional objective, which is achieved in the optimal way. The red solid line with circles represents
the utility of the policyholder achieved by following the optimal policies of the insurance company.
Naturally, the optimal utility of the insurance company decreases as the proportion paid to the poli-
cyholder increases. The opposite trend is identified in policyholder’s utility. The blue dashed and red
solid lines with asterisks represent the utilities of the insurance company and the policyholder for
the weighted objective, respectively. The two utilities are achieved by following the optimal policy of
maximizing the weighted utility. Clearly, the insurance company’s utility decreases and the policy-
holder’s utility increases after the objective switching when the agreements in the contract are fixed,
because the importance of their respective utilities has changed in the objective function. Notably,
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Figure 9. Impacts of k on the expected utilities of the insurance company and the policyholder for two objectives.
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Figure 10. Impacts of l on the expected utilities of the insurance company and the policyholder for two objectives.

comparing to the slight utility reduction of the insurance company, the utility of the policyholder has
been improved dramatically under the reasonable parameter settings.

Interestingly, keeping the insurance company’s utility unchanged after the objective switching, the
policyholder’s utility can be improved by choosing a smaller share proportion k. An arbitrary line
paralleled to x axis intersects two blue dashed lines at k∗ and k∗∗, respectively. At these two share
proportions, the utilities of the insurance company are exactly the same, and the higher utility of the
policyholder is achieved after the objective switching. Meanwhile, the insurance company’s utility
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Figure 11. Impacts of θ , λ, γ and l on the Pareto improvement domain of k.

can be improved while keeping the policyholder’s utility unchanged. Indeed, the Pareto improve-
ment policy exists by switching into the weighted objective and decreasing the policyholder’s share
proportion.

Figure 10 illustrates the impacts of the minimal guarantee ratio l on the utilities for two objectives.
Similar to the results inFigure 9, an arbitrary line paralleled to x axis intersects two blue dashed lines at
l∗ and l∗∗, respectively. By simultaneously switching the objective and choosing the smaller minimal
guarantee ratio l∗∗, the policyholder’s utility can be improved while the insurance company’s utility
is kept unchanged.

Overall, the reduction of the insurance company’s utility after the objective switching can be
compensated by amending the profit sharing agreement in favor of the insurance company’s interest.

6.2. Pareto improvement domain andwin-win results

Considering the variability of the exogenous parameters, we show that Pareto improvement policies
widely exist. According to the empirical evidence, we believe that the market price of risk θ , the loss-
averse degree λ and the weight parameter γ are the exogenous parameters that have major impacts
on the utility. As discussed above, Pareto improvements are achieved by amending the agreements
on the share proportion k and the minimal guarantee ratio l. Because k and l have equivalent roles in
the model, we only study the amending strategies on k. In this circumstance, we treat l as one of the
major exogenous parameters.
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Figure 12. CDF of the insurance company’s gain.

In Figure 11, k is theminimal share proportion that the policyholder’s utility can be improved after
the objective switching. k̄ is the maximal share proportion that the insurance company’s utility can
be improved after the switching. Naturally, k̄ is lower than the initial share portion to compensate
the utility reduction of the insurance company. Meanwhile, the policyholder can afford a lower k to
maintain the same utility as before. If there exists a non-empty subset [k, k̄], in which the actual share
proportion lies, the utilities of the insurance company and the policyholder can be simultaneously
improved. We call the subset [k, k̄] the Pareto improvement domain of k.

Considering the variability of the exogenous parameters θ , λ, γ and l, we show that the subsets of
[k, k̄] are not empty in Figure 11. As such, by switching into the weighted objective and amending the
share proportion within the domain [k, k̄], the Pareto improvement policy is achieved.

First, k̄ decreases slightly with respect to the increase of the market price of risk θ . k first decreases
and then increases as θ becomes larger. As the benchmark of the insurance company is lower than
the one of the policyholder, the turning point for the traditional objective is lower than the one for
the weighted objective. The optimal risk-taking policies for two objectives are almost the same when
investment returns are relative low. When investment return is medium, the optimal policies differ.
As the fund wealth is above the turning point for the traditional objective, more conservative risk-
taking policy is chosen. Conversely, the fund wealth is still below the turning point for the weighted
objective, and a more aggressive policy is chosen. Therefore, there is a larger Pareto improvement
domain in this circumstance. However, when θ is large enough, the same conservative risk-taking
policy is chosen. Correspondingly, the Pareto improvement domain becomes narrower.

Second, the Pareto improvement domain first narrows, then enlarges with respect to the increasing
of the loss-averse parameter λ. When λ increases, the insurance company and the policyholder have
a lower tolerance level towards the loss, and the gambling region enlarges correspondingly. This fact
results in more aggressive risk-taking behaviors beyond the initial turning point for the traditional
objective. As such, the policy is more compatible to the one for the weighted objective, and the Pareto
improvement domain narrows. As λ increases further, the gambling region becomes much wider for
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Figure 13. CDF of the policyholder’s exceeding fund wealth.
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Figure 14. Local details of Figure 13.
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the weighted utility. Conversely, the risk-taking policy is more conservative within this region for the
traditional utility. In this circumstance, the Pareto improvement domain enlarges.

Third, the Pareto improvement domain narrowswith respect to the increasing of weight parameter
γ . When γ is larger, the less weight of the policyholder’s utility is considered in the weighted objec-
tive. Therefore, the optimal control policies are more alike for two objectives. As such, the Pareto
improvement domain narrows. In this circumstance, the utility improvement of the policyholder is
small after the objective switching, and the reduction of the share proportion should be moderate to
maintain the same utility as before.

The last, the Pareto improvement domain narrows with respect to the increasing of the minimal
guarantee ratio l.When l is larger, there is less flexibility in investment. In this circumstance, the utility
of the policyholder is already well considered for the traditional objective. Thus, the changes of the
optimal policies are minor after the objective switching.

In conclusion, by considering the variability of the reasonable parameters, the Pareto improvement
domains widely exist. Comparing to the moderate decrease in the insurance company’s utility, the
increase in the policyholder’s utility is drastic by considering his/her utility in the overall objective
function. As such, switching the objective and amending the contract establish the win-win results
for the policyholder and the insurance company.

6.3. The distribution of the terminal fundwealth

We study the influence of objective switching on the distribution of the terminal fund wealth.
Figures 12–14 show the cumulative distributions of the insurance company’s gain and the pol-
icyholder’s exceeding fund wealth (or the policyholder’s gain), respectively. By considering the
policyholder’s utility, the gambling policy is taken within a wider region. The gambling behavior elic-
its either the liquidation or the fund wealth exceeding the turning point. Therefore, there are higher
probabilities of a negative gain (or a loss) and a larger gain of the insurance company. Overall, the util-
ity improvement by the larger gain exceeds the utility reduction by the loss, even taking consideration
of the loss-averse properties. The same results are valid for the policyholder. Particularly, the proba-
bility of the negative exceeding fund wealth (or the loss) is even lower after the objective switching.
This is the benefit of considering the policyholder’s own utility in the overall objective.

7. Conclusion

In this paper, we study the stochastic optimization problem for theweighted utility of the two counter-
parts of a participating endowment contract. The weighted non-concave utilities with heterogeneous
benchmarks form the highly non-concave optimization problem. This fact leads to two kinds of diffi-
culties, which are solved by an identificationmethod to establish two categories of concave envelopes,
and a new numerical integration by substitution technique, respectively. The remarkable result is that
switching to the weighted objective dramatically increases the policyholder’s utility. Meanwhile, the
slight reduction of the insurance company’s utility can be compensated by amending the participating
contract in favor of the insurance company’s interest. Considering the variability of the parameters,
we find that the Pareto improvement policies of the two counterparts widely exist. In this circum-
stance, it is a win-win result for the insurance company and the policyholder to be controlled by the
third-party management with a weighted objective.
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Appendices

Appendix 1. Proof of Proposition 3.1
Proof: It is easily verified that E[ξTXT] = X0 + H(0)c = Y0 and XT ≥ L. This result yields that

{YT : ∃π ∈ V[0,T] such that the process X solves SDE (1)

and Yt = Xt + H(t)c, YT ≥ L} ⊆ V(Y0).

For any YT ∈ V(Y0), using the martingale representation theorem (e.g. Karatzas & Shreve 1991 , Chapter 3, Section 4),
there exists an {Ft}0≤t≤T-adapted process A such that almost surely

ξTYT = E[ξTYT] +
∫ T

0
At dWt and

∫ T

0
A2
t dt < ∞.

Letting

πt � (σξt)
−1

[
At + θ

(
Y0 +

∫ t

0
As dWs

)]
,

Yt � ξ−1
t

(
Y0 +

∫ t

0
As dWs

)
,

we know that X. � Y . + H(·)c is the unique solution of SDE (1), and XT ≥ L is valid, which implies that π ∈ V[0,T]
and

V(Y0) ⊆ {YT : ∃ π . ∈ V[0,T] such that the process X solves

SDE (1) and Yt = Xt + H(t)c, YT ≥ L}.
As such,

V(Y0) = {YT : ∃ π . ∈ V[0,T] such that the process X solves SDE (1)

and Yt = Xt + H(t)c, YT ≥ L}.

Nowwe claim that the statements: (i)V[0,T] �= ∅; (ii)V(Y0) �= ∅; (iii)Y0 ≥ e−rTL; (iv)X0 ≥ e−rTL − (c/r)(1 − e−rT)

are equivalent. As such, V(Y0) is non-empty. Indeed, (i) ⇔ (ii) is a direct consequence of the previous proof, and the
assertion (iii) ⇔ (iv) directly follows from the definitions of G and Y0. We only need to show that (ii) ⇒ (iii) and
(iv) ⇒ (i).
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Assume that (ii) is valid, then there exists a YT ∈ V(Y0). Using Equation (11),

Y0 = E[ξTYT] = E[e−(1/2)θ2T−θWT e−rTYT] ≥ E[e−(1/2)θ2T−θWT ] e−rTL = e−rTL,

which implies that (iii) is valid. If (iv) holds, and we assume that 0 is the policy with no risky investment. Following the
policy 0, the dynamic of the fund wealth is

dXt = rXt dt + c dt. (A1)
The ordinary differential equation (A1) has the unique solution:

Xt = X0 ert + c
r
(ert − 1).

As such,

XT = X0 erT + c
r
(erT − 1) ≥

[
e−rTL − c

r
(1 − e−rT)

]
erT + c

r
(erT − 1) = L,

which implies that 0 ∈ V[0,T], and V[0,T] �= ∅. In this paper, Y0 = H(0)c = M > e−rTL. Then, (iii) is valid, and (ii)
holds. �

Appendix 2. Proof of Proposition 3.2
Proof: We only need to prove the existence and uniqueness of ν∗ in Equation (16). It is trivial to verify that
E[ξTY(νξT)] is continuous and strictly increasing with respect to ν. Additionally, we have limν→0 E[ξTY(νξT)] =
+∞, and limν→+∞ E[ξTY(νξT)] = e−rTL. Thus, the existence and uniqueness of ν∗ in Equation (16) hold. �

Appendix 3. Proof of Theorem 3.3
Proof: (1) Because {ξtY∗

t ,Ft : 0 ≤ t ≤ T} is a martingale,

X∗
t = ξ−1

t E[ξTY∗
T |Ft] − H(t)c = E[Zt,TY(ν∗ξtZt,T) |Ft] − H(t)c

= f (t, ξt) − H(t)c,

where Zt,T = ξT/ξt = exp[−(r + θ2/2)(T − t) − θ(WT − Wt)], f (t, ξ) = E[Zt,TY(ν∗ξZt,T)]. The last equality fol-
lows from the independence of Zt,T onFt .

Based on the standard calculus, we obtain that

f (t, ξ) = E[Zt,TY(ν∗ξZt,T)]

= E

[
Zt,T

((
1 +

(
ν∗ξZt,T

κ0

)1/(p−1)
c∗

)
G1{ξZt,Tν∗<κ0} + L1{ξZt,Tν∗≥κ0}

)]

= e−r(T−t)
[
L + (G − L)(d1,t) + c∗G

′(d1,t)
′(d2,t)

(d2,t)
]
,

where

d1,t = 1
θ
√
T − t

[
log

(
κ0

ν∗ξ

)
+

(
r − θ2

2

)
(T − t)

]
, d2,t = d1,t + θ

√
T − t

1 − p
,

and (·) is the standard normal cumulative distribution function. As such, the optimal fund wealth processes are

Y∗
t = f (t, ξt), X∗

t = f (t, ξt) − H(t)c.

(2) Applying Itô’s Lemma to X∗
t , and comparing with SDE (1), we obtain that the optimal policy is

π∗
t = − θ

σ

∂f
∂ξ

(t, ξt)ξt .

In addition,

∂f
∂ξ

(t, ξt) = e−r(T−t) −1
ξtθ

√
T − t

[
(G − L)′(d1,t)

+c∗G
′(d1,t)(d2,t)

′(d2,t)
(−d1,t + d2,t) + c∗G′(d1,t)

]
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= e−r(T−t) −1
ξtθ

√
T − t

[
((1 + c∗)G − L)′(d1,t)

+ θ
√
T − t

1 − p
(Y∗

t e
r(T−t) − L − (G − L)(d1,t))

]
.

Thus, we rewrite the optimal policy {π∗
t : 0 ≤ t ≤ T} as follows:

π∗
t = θ

σ

{
1

1 − p
Y∗
t + e−r(T−t)

[
(1 + c∗)G − L

θ
√
T − t

′(d1,t) − 1
1 − p

(L + (G − L)(d1,t))
]}

= θ

σ (1 − p)

{
(X∗

t + H(t)c)

+e−r(T−t)
[
(1 − p)

(1 + c∗)G − L
θ
√
T − t

′(d1,t) − (L + (G − L)(d1,t))
]}

= θ

σ (1 − p)

{
X∗
t + H(t)c − ((d1,t)G + (1 − (d1,t))L) e−r(T−t)

+(1 − p)′(d1,t)
e−r(T−t)

θ
√
T − t

((1 + c∗)G − L)

}
.

(3) Corresponding to the optimal policies, the insurance company’s terminal expected utility is

E[U1(X∗
T)] = E[U1(Y∗

T)]

= (1 − k)p
(

ν∗

κ0

)p/(p−1)
(c∗)pGp

E[ξp/(p−1)
T 1{0<ξT<κ0/ν∗}] − λ(G − L)qE[1{ξT≥κ0/ν∗}].

Based on the standard calculus, we derive

E[1{ξT≥κ0/ν∗}] = E[1{e−(θ2/2+r)T−θWT ≥κ0/ν∗}] = E[1{WT≤−(1/θ)[log(κ0/ν∗)+(r+θ2/2)T]}]

= 1 − 

(
1

θ
√
T

[
log

( κ0

ν∗
)

+
(
r + θ2

2

)
T
])

,

E[e−(r+θ2/2)(p/(p−1))T−(θp/(p−1))WT1{0<ξT<κ0/ν∗}] = e−(r+θ2/2)(p/(p−1))T
E[e−(θp/(p−1))WT1{0<e−(r+θ2/2)T−θWT <κ0/ν∗}]

= eT[(θ
2/2)(p/(1−p)2)+r(p/(1−p))]

(
log( κ0

ν∗ ) + (r − θ2

2 )T

θ
√
T

+ θ
√
T

1 − p

)
.

Therefore,

E[U1(X∗
T)] = E[U1(Y∗

T)]

= (1 − k)p
(

ν∗

κ0

)p/(p−1)
(c∗)pGp eT((θ2/2)(p/(1−p)2)+rp/(1−p))(d2,0) − λ(G − L)q(−d3,0).

Based on the relationship between the turning point C0 and G̃, we compute the terminal expected utility of the
policyholder in the following two cases:

(i) If C0 ≥ G̃, then

E[U0(X∗
T)]

= E[U0(Y∗
T)]

= E

[(
k

[
1 +

(
ν∗

κ0
ξT

)1/(p−1)
c∗

]
G + (1 − k)G − M

)p

1{0<ξT<κ0/ν∗}

]

+ E[−λ(M − G)q1{ξT≥κ0/ν∗}]

= E

[(
G − M + kc∗G

(
ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T e−(θ/(p−1))WT

)p

1{0<e−(θ2/2+r)T−θWT <κ0/ν∗}

]
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+ E[−λ(M − G)q1{e−(θ2/2+r)T−θWT ≥κ0/ν∗}]

� E[(A1 + B1 e−D1·N )p1{N>−d3,0}] − λ(M − G)q(−d3,0), (A2)

where

A1 � G − M, B1 � kc∗G
(

ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T , D1 � θ

√
T

p − 1
,

d3,0 � 1
θ
√
T

[
log

( κ0

ν∗
)

+
(
r + θ2

2

)
T
]
,

and A1, B1, D1 and d3,0 are constants.
(ii) If C0 < G̃, then ξ∗ is obtained by solving the following equation:[

1 +
(

ν∗

κ0
ξ∗

)1/(p−1)
c∗

]
G = G̃,

which implies that

ξ∗ = κ0

ν∗

(
1
l − 1
kc∗

)p−1

.

As such, C0 < G̃ ⇒ (1/l − 1)/kc∗ > 1.
If ξT > ξ∗, then

Y∗
T =

[
1 +

(
ν∗

κ0
ξT

)1/(p−1)
c∗

]
G ∈ (G, G̃);

if ξT ≤ ξ∗, then

Y∗
T =

[
1 +

(
ν∗

κ0
ξT

)1/(p−1)
c∗

]
G ∈ [L,G].

In this case, we have

E[U0(X∗
T)] = E[U0(Y∗

T)]

= E

[(
k

[
1 +

(
ν∗

κ0
ξT

)1/(p−1)
c∗

]
G + (1 − k)G − M

)p

1{0<ξT≤(κ0/ν∗)((1/l−1)/kc∗)p−1}

]

+ E

[
−λ

(
M − G − kc∗G

(
ν∗

κ0
ξT

)1/(p−1)
)q

1{(κ0/ν∗)((1/l−1)/kc∗)p−1<ξT<κ0/ν∗}

]

+ E[−λ(M − G)q1{ξT≥κ0/ν∗}]

= E

[(
G − M + kc∗G

(
ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T e−(θ/(p−1))WT

)p

× 1{0<e−(θ2/2+r)T−θWT <(κ0/ν∗)((1/l−1)/kc∗)p−1}

]

+ E

[
−λ

(
M − G − kc∗G

(
ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T e−(θ/(p−1))WT

)q

× 1{κ0/ν∗((1/l−1)/kc∗)p−1<e−(θ2/2+r)T−θWT <κ0/ν∗}

]

+ E[−λ(M − G)q1{e−(θ2/2+r)T−θWT ≥κ0/ν∗}]

� E[(A1 + B1 e−D1·N )p1{N>−d4,0}]

+ E[−λ(−A1 − B1 e−D1·N )q1{−d3,0<N<−d4,0}] − λ(M − G)q(d3,0), (A3)
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where

A1 � G − M, B1 � kc∗G
(

ν∗

κ0

)1/(p−1)
e−(r+θ2/2)(1/(p−1))T , D1 � θ

√
T

p − 1
,

d3,0 � 1
θ
√
T

[
log

( κ0

ν∗
)

+
(
r + θ2

2

)
T
]
,

d4,0 � 1
θ
√
T

[
log

( κ0

ν∗
)

+
(
r + θ2

2

)
T + (p − 1) log

(
1
l − 1
kc∗

)]
,

and A1, B1, D1, d3,0, d4,0 are constants.
Unfortunately, inEquation (A2), it needs to calculate

E[(A1 + eB1·N )p1{N≥−D1}] =
∫ +∞

−D1

(eB1·x + A1)
p 1√

2π
e−x2/2 dx.

This type of expectation cannot be derived in the explicit form. The same difficulty exists in Equation (A3). In this cir-
cumstance, we need to resort to the numerical integration by substitution method to overcome the implicit difficulties.
The details have been shown in Section 5. �

Appendix 4. Proof of Theorem 4.1

Proof: (1) First, we prove the existence of the tangent line induced by (19). Define V(x) � Uγ (x) − Uγ (L) −
Uγ

′(x)(x − L), x ∈ (G̃,+∞). By verifying that V ′(x) > 0, ∀ x ∈ (G̃,+∞), V(G̃+) = −∞ and V(+∞) = +∞, we
prove that there exists a unique point satisfying V(·) = 0 on (G̃,+∞), which is the tangent point C21 in (19).

Second, we prove the existence of the tangent line induced by (20). By verifying Uγ
′′′(x) > 0, ∀ x ∈ (G, G̃),

Uγ
′′(G+) = −∞ and Uγ

′′(G̃−) = +∞, we find that Uγ is concave-then-convex on [G, G̃]. That is, Uγ is concave
on [G, C̄) and convex on (C̄, G̃], where C̄ satisfies Uγ

′′(C̄) = 0. Denote that κ̄ � Uγ
′(C̄). It is the minimum derivative

of Uγ on [G, G̃].
Because Uγ

′ is continuous on (G̃,+∞), limx↓G̃ Uγ
′(x) = +∞ and limx↑+∞ Uγ

′(x) = 0, we define a unique � ∈
(G̃,+∞) as:

� � (Uγ
′|(G̃,+∞))

−1(κ̄).

For any κ ∈ [κ̄ ,+∞), we define C(κ) ∈ (G, C̄) and C(κ) ∈ (G̃,�) as:

C(κ) � (Uγ
′|(G,C̄))

−1(κ), C(κ) � (Uγ
′|(G̃,�))

−1(κ).

It can be verified that C(·) and C(·) are strictly decreasing and continuous on [κ̄ ,+∞). Additionally,

lim
κ↓κ̄

C(κ) = C̄, lim
κ↓κ̄

C(κ) = �; lim
κ↑+∞

C(κ) = G, lim
κ↑+∞

C(κ) = G̃.

Define S(κ) � (Uγ (C(κ)) − Uγ (C(κ)))/(C(κ) − C(κ)). It directly follows that S(κ) is continuous on [κ̄ ,+∞),
S(κ̄) = (Uγ (�) − Uγ (C̄))/(� − C̄), and

lim
κ↑+∞

S(κ) = Uγ (G̃) − Uγ (G)

G̃ − G
< +∞ = lim

κ↑+∞
κ .

By using the two concave/convex inequalities,

Uγ (�) − Uγ (G̃) > Uγ
′(�)(� − G̃) = κ̄(� − G̃),

Uγ (G̃) − Uγ (C̄) > Uγ
′(C̄)(G̃ − C̄) = κ̄(G̃ − C̄),

we prove

S(κ̄) > κ̄ .

Because S(·) is continuous, there exists an intermediate value κ12 ∈ [κ̄ ,+∞) satisfying S(κ12) = κ12. Denote C12 �
C(κ12) and C13 � C(κ12). As such, the existence of C12 and C13 in (20) has been proved.
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Third, we prove that the tangent line induced by (22) exists1 if and only if

Uγ (L) ≤ Uγ (C̄) + Uγ
′(C̄)(L − C̄). (A4)

On one hand, suppose that the tangent point of Equation (22) exists and is denoted as C11. As C11 ∈ (G, G̃] and
Uγ

′′(C11) ≤ 0, we have C11 ∈ (G, C̄]. If C11 = C̄, the corresponding equality of (A4) holds. If C11 ∈ (G, C̄), we apply
concavity to get

Uγ (C11) − Uγ (L)
C11 − L

= Uγ
′(C11)

>
Uγ (C̄) − Uγ (C11)

C̄ − C11

> Uγ
′(C̄)

>
Uγ (C11) − [Uγ (C̄) + Uγ

′(C̄)(L − C̄)]
C11 − L

. (A5)

It follows from (A5) that Uγ (L) < Uγ (C̄) + Uγ
′(C̄)(L − C̄), which is the strict inequality of (A4). On the other hand,

suppose that (A4) holds. DefineV(x) � Uγ (x) − Uγ (L) − Uγ
′(x)(x − L), x ∈ (G, C̄). It suffices to prove the existence

and uniqueness of the zero of V(·) on (G, C̄). It follows that: V(C̄−) ≥ 0, V(G+) = −∞, V′(x) > 0, ∀ x ∈ (G, C̄).
Hence V(·) admits a unique zero on (G, C̄]. As such, the equivalent condition of the existence of tangent line (22) is
(A4).

Finally, we establish the concave envelopeU∗∗
γ . Using Equations (19) and (20), we obtain two tangent lines. Both of

them contribute to the linear sections of Uγ ’s concave envelope. To determine the concave envelope U∗∗
γ case by case,

that is, the minimal concave function dominating Uγ , it suffices to compare the slopes of the two tangent lines. Note
that κ21 is the slope of the tangent line induced by (19), and κ12 is the slope of the tangent line induced by (20). As such,
we classify the concave envelope of Uγ into one of the following two categories:

• when κ21 > κ12 (Case 1), we have C21 < C13 because of concavity of Uγ |(G̃,+∞). Thus,

Uγ (L) = Uγ (C21) + Uγ
′(C21)(L − C21)

< Uγ (C13) + Uγ
′(C13)(L − C13) (for concavity of Uγ |(G̃,+∞))

= Uγ (C12) + Uγ
′(C12)(L − C12)

< Uγ (C̄) + Uγ
′(C̄)(L − C̄), (for concavity of Uγ |(G,C̄))

which implies (A4). The tangent point C11 in (22) then exists. Further,

Uγ (L) = Uγ (C11) + Uγ
′(C11)(L − C11)

< Uγ (C12) + Uγ
′(C12)(L − C12),

which implies C11 < C12 because of concavity of Uγ |(G,C̄).
Now we prove that the tangent line induced by (22) dominates Uγ on (L,C11) and the tangent line induced by (20)

dominates Uγ on (C12,C13). Using the convexity/concavity, we have

Uγ (C11) + Uγ
′(C11)(x − C11) > Uγ (x), ∀ x ∈ [G,C11),

min
x∈[L,G]

{Uγ (C11) + Uγ
′(C11)(x − C11) − Uγ (x)}

= min{Uγ (C11) + Uγ
′(C11)(L − C11) − Uγ (L),

Uγ (C11) + Uγ
′(C11)(G − C11) − Uγ (G)}

(for convexity of Uγ |(L,G))

= 0;

Uγ (C13) + Uγ
′(C13)(x − C13) > Uγ (x), ∀ x ∈ [G̃,C13),

min
x∈[G,G̃]

{Uγ (C13) + Uγ
′(C13)(x − C13) − Uγ (x)}

1 For instance, under the current parameter setting with a small γ , (A4) does not holds and Equation (22) has no solution. We thank
an anonymous referee for pointing out this.
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= Uγ (C13) + Uγ
′(C13)(C12 − C13) − Uγ (C12)

(for concavity of Uγ |(G,C̄)and convexity of Uγ |(C̄,G̃))

= 0.

Thus, the concave envelope U∗∗
γ is given by four parts: the tangent line induced by (22) on [L,C11], Uγ |(C11,C12), the

tangent line induced by (20) on [C12,C13], and Uγ |(C13,+∞). We derive U∗∗
γ in (21), which is Case 1;

• when κ21 ≤ κ12 (Case 2): when κ21 < κ12, we have C21 > C13 because of concavity of Uγ |(G̃,+∞). Now we prove
that the tangent line induced by (19) dominates Uγ on (L,C21). Using the convexity/concavity, we have

Uγ (C21) + Uγ
′(C21)(x − C21) > Uγ (x), ∀ x ∈ [C13,C21);

Uγ (C21) + Uγ
′(C21)(x − C21)

> Uγ (C13) + Uγ
′(C13)(x − C13) (for concavity of Uγ |(G̃,+∞))

≥ Uγ (x), ∀ x ∈ [G,C13);

min
x∈[L,G]

{Uγ (C21) + Uγ
′(C21)(x − C21) − Uγ (x)}

= min{Uγ (C21) + Uγ
′(C21)(L − C21) − Uγ (L),

Uγ (C21) + Uγ
′(C21)(G − C21) − Uγ (G)} (for convexity of Uγ |(L,G))

= 0,

which shows that the tangent line induced by (19) dominates Uγ on (L,C21); when κ21 = κ12, we have C21 = C13 and
the tangent lines induced by (19), (20) and (22) are the same. Hence, this same tangent line dominates Uγ on (L,C21).
Thus, the concave envelope U∗∗

γ is given by two parts: the tangent line induced by (19) on [L,C21] and Uγ |(C21,+∞).
We derive U∗∗

γ in (23), which is Case 2.
We emphasize that it is Case 2 (κ21 ≤ κ12) when the tangent line induced by (22) does not exist. Suppose by

contradiction that κ21 > κ12. Then we have C21 < C13 and

Uγ (L) > Uγ (C̄) + Uγ
′(C̄)(L − C̄)

> Uγ (C12) + Uγ
′(C12)(L − C12) (for concavity of Uγ |(G,C̄))

= Uγ (C13) + Uγ
′(C13)(L − C13)

> Uγ (C21) + Uγ
′(C21)(L − C21) (for concavity of Uγ |(G̃,+∞))

= Uγ (L),

which is a contradiction. As such, the tangent line induced by (19) dominates Uγ on (L,C21) no matter whether the
tangent line induced by (22) exists.

(2) Based on Proposition 3.1, the optimal terminal fund wealth X∗
T of Problem (7) is the solution of the following

problem:

sup
X∈V(Y0)

E[Uγ (X)] = sup
X∈FT , X≥L, E[ξTX]=Y0

E[Uγ (X)], (A6)

where Uγ is the highly non-concave utility function. It suffices to adopt the concavification techniques (cf. Carpen-
ter 2000, Kouwenberg & Ziemba 2007, He & Kou 2018) to solve the following problem:

sup
X∈FT , X≥L, E[ξTX]=Y0

E[U∗∗
γ (X)]. (A7)

The sufficient condition is that the terminal random variable of the pricing kernel ξT has no atoms, that is, ξT has a
continuous distribution (cf. Bichuch & Sturm 2014).

Based on the Legendre transform and the concave envelopes obtained in (21) and (23), we obtain that
if κ21 > κ12, then

argmax
x≥L

[U∗∗
γ (x) − κx] =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(Uγ
′|[C13,∞))

−1(κ), 0 < κ < κ12,
{C12,C13}, κ = κ12,
(Uγ

′|[C11,C12))
−1(κ), κ12 < κ < κ11,

{L,C11}, κ = κ11,
L, ν > κ11,

(A8)
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if κ21 ≤ κ12, then

argmax
x≥L

[U∗∗
γ (x) − κx] =

⎧⎪⎨
⎪⎩

(Uγ
′|[C21,∞))

−1(κ), 0 < κ < κ21,
{L,C21}, κ = κ21,
L, κ > κ21.

(A9)

Referring to (26) and (27), Yγ (νξT) is an optimal solution of the following problem:

max
X∈FT , X≥L

E[U∗∗
γ (X) − νξTX], (A10)

where ν > 0 is an undetermined multiplier. Yγ (νξT) is unique because ξT has no atom.
(3) We prove that Yγ (ν∗ξT) is an optimal solution of Problem (A7). First, because ξT has no atom, the function

E[ξTYγ (νξT)] is continuous and strictly decreasing with respect to ν. In addition, limν→0 E[ξTYγ (νξT)] = +∞ and
limν→+∞ E[ξTYγ (νξT)] = L e−rT . The intermediate value theorem ensures that there exists a unique ν∗ satisfying
E[ξTYγ (ν∗ξT)] = Y0. As such, Yγ (ν∗ξT) is feasible to Problem (A7).

Second, we denote the optimal value function of Problem (A10) as V(ν), which implies that V(ν∗) =
E[U∗∗

γ (Yγ (ν∗ξT)) − ν∗ξTYγ (ν∗ξT)]. We denote the optimal value function of Problem (A7) as V, which implies that
V ≥ E[U∗∗

γ (Yγ (ν∗ξT))] = E[U∗∗
γ (Yγ (ν∗ξT)) − ν∗ξTYγ (ν∗ξT)] + ν∗Y0 = V(ν∗) + ν∗Y0. The weak duality implies

that V(ν) + νY0 ≥ V , ∀ ν > 0. As such, we have

inf
ν>0

[V(ν) + νY0] ≥ V ≥ V(ν∗) + ν∗Y0 ≥ inf
ν>0

[V(ν) + νY0].

The above duality procedures show that any optimal solution of Problem (A7) must be the optimal solution of Prob-
lem (A10) with the multiplier ν∗. Because the optimal solution to Problem (A10) is unique, the optimal solutions of
Problem (A7), Problem (A6) and Problem (7) are unique. Thus, the optimal terminal fund wealth of Problem (7) is
uniquely given by X∗

T = Yγ (ν∗ξT). �

Appendix 5. Proof of Theorem 5.1
Proof: We define X (·) by

X (y) �
{
N (y), y ≥ L,
−∞, y < L.

We give the detailed proof on the conclusions in Case 2. Similarly, the conclusions in Case 1 can be proved.
First, let

X(y) := ζ ◦ Uγ
′|(G̃,+∞)(y).

Then, based onEquation (24), we compute FX∗
T
(y) = P(X∗

T ≤ y) piecewise as follows.
For L ≤ y < C21,

P(X∗
T ≤ y) = P(X∗

T = L) = P(ν∗ξT ≥ κ21)

= P

(
N ≤ − 1

θ
√
T

[
log

(κ21

ν∗
)

+
(
r + θ2

2

)
T
])

= (ζ(κ21))

= (X (y)).

For y ≥ C21,

P(X∗
T ≤ y) = P(X∗

T = L) + P(C21 < X∗
T < y)

= (ζ(κ21)) + P(Uγ
′(y) < ν∗ξT < Uγ

′(C21))

= (ζ(κ21)) +
∫ y

C21

1√
2π

e−X(z)2/2
X

′(z) dz

= (ζ(κ21)) + P(ζ(κ21) < N < ζ(Uγ
′(y)))

= (ζ(Uγ
′(y)))

= (X (y)).

Step by step, we obtain that

FX∗
T
(y) = (X (y)) =

⎧⎪⎪⎨
⎪⎪⎩
0, y < L;
(ζ(κ21)), L ≤ y < C21;

(ζ(κ21)) +
∫ y

C21

1√
2π

e−X(z)2/2
X

′(z) dz, y ≥ C21.
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As such, we obtain the expected utilities of the insurance company and the policyholder, respectively:

E[U1(X∗
T)] = E[−λ(G − L)q1{ν∗ξT>κ21}] + E[(1 − k)p(Y(ν∗ξT) − G)p1{0<ν∗ξT≤κ21}]

= −λ(G − L)q(ζ(κ21)) + (1 − k)p
(∫ +∞

C21

(y − G)p
X′(y)√
2π

e−X(y)2/2 dy
)

=
∫ +∞

L
U1(y) dFX∗

T
(y),

E[U0(X∗
T)] = E[−λ(M − G)q1{ν∗ξT>κ21}] + E[(kY(ν∗ξT) + (1 − k)G − M)p1{0<ν∗ξT≤κ21}]

= −λ(M − G)q(ζ(κ21)) + kp
∫ +∞

C21

(y − G̃)p
1√
2π

e−X(y)2/2
X

′(y) dy

=
∫ +∞

L
U0(y) dFX∗

T
(y). �
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