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a b s t r a c t

In this paper, we propose a new objective function, which reflects the costs of unstable contribution
risk and discontinuity risk in DB-PAYGO pension system. The problem is to minimize the quadratic
deviation between the actual contribution rate and a habitual target and the quadratic proportional
deviation of the pension accumulation. A modified non-negative constraint of the contribution rate
is added, which together with a stochastic habitual target process, causes difficulty in solving the
minimization problem by Lagrange dual method. The results are split into two cases which depend on
the habit-adjusted adequacy of the pension budget. In the inadequate case, the optimal contribution
rate reveals a hump shape curve with respect to time, which is different from the exponential growth
curve of the model with a fixed target. By moderately raising the contribution rate in the initial phase, it
helps to increase the accumulation and reduce the contribution burden of the follow-up policyholders.
Notably, the hump shape curve is a more practical policy, because of that the exponential growth curve
raises anxiety about the unlimited growth of the contribution rate and harms the confidence in the
sustainability of the pension fund. We also study the impacts of the certain trend in demography, and
the uncertain fluctuations in salary and investment on the optimal control policies.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

The DB (Defined Benefit)-PAYGO (Pay-As-You-Go) pension
ystem, which is financed by the pay-as-you-go scheme and
rovides the defined benefit, encounters great challenge in sus-
ainability by the demographic trends and fluctuations in salary
nd investment. In demography, the size and the structure of a
opulation are influenced by fertility, mortality and migration.
s the fertility willingness and the mortality rate are both de-
reasing, the dependency ratio (number of beneficiaries divided
y the number of contributors) keeps increasing in most coun-
ries. Under the adverse demographic changes, the total benefit
ncreases but the total contribution decreases. This certain trend
ncreases the deficit of the pension budget, which is measured
y the negative gap between the total contribution and the total
enefit. Meanwhile, the decline and the fluctuation of economic
apacity lower the salary growth rate and the investment return.
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E-mail addresses: helin@ruc.edu.cn (L. He),

iangzongxia@mail.tsinghua.edu.cn (Z. Liang), yfy19@mails.tsinghua.edu.cn
F. Yuan).
ttps://doi.org/10.1016/j.insmatheco.2020.07.005
167-6687/© 2020 Elsevier B.V. All rights reserved.
This uncertain and unfavorable fluctuation also challenges the
sustainability of the system.

To cope with the challenges in sustainability of the DB-PAYGO
system, two kinds of reforms have been implemented in the so-
cial security field. The first kind of reform is fundamental system
reform. Traditionally, changing the DB-PAYGO scheme into the
personal account accumulated DC (Defined Contribution) scheme
solves the unsustainability issues caused by the aging problem.
But many scholars, including Gollier (2008) and Cui et al. (2011),
argue that the collective scheme improves the welfare of the
multiple generations by sharing the intergenerational risks. Be-
sides, from the political perspective, the longevity risk retained
by the policyholder is not appropriate in the first-pillar old-age
security. The most recently adopted fundamental reform is the
implementing of hybrid fund. The literature Boeri et al. (2002),
Persson and Tabellini (2002), Galasso (2007), Beetsma and Bucciol
(2015) and Kurtbegu (2018) show that the hybrid fund is the mix
of a pure DB and a pure DC fund, and the adjustment mechanism
is the compromise of the considerations between the financial
sustainability and the welfare of the current policyholders. The
second kind of reform is parameter reform. In this kind of re-
form, the decisive parameters for the adequacy of the pension
budget are adjusted. For example, the contribution rate has been
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egularly increased to cover the demographic risk and guarantee
he benefit of the retirees, and the retirement age is postponed
o enlarge the labor supply. These factors are adjusted to meet
he objective of the pension management. In this paper, we
tudy the stochastic optimization problem within the parameter
eform framework. We propose a new objective function which
ncludes the costs of unstable contribution risk and discontinuity
isk. The pension manager adjusts the contribution rate and the
sset allocation policies dynamically to minimize the overall cost
unction.

In practice, the contribution rates are regularly adjusted up-
ardly to maintain the sustainability of the pension system. In
he countries that employ the DB-PAYGO scheme as the first-
illar old-age security, such as Norway, Finland, Canada, Japan
nd China, the contribution rates have been raised continuously
n the past decades. In Finland, the contribution rate is 21.4% in
004, and increases to 22.8% and 25.2% in 2012 and 2016, respec-
ively. In Japan, the contribution rates are 13.9%, 16.8% and 17.8%
n 2004, 2012 and 2016, respectively. The continuously raising
ontribution rate and decreasing fund accumulation increase the
elfare cost of the follow-up policyholders. Besides, the pension
olicyholders are anxious on the issue that whether the upward
djustment trend of the contribution rate will last forever?
From the perspective of political economics, the first-pillar

ld-age security (most are DB-PAYGO pensions) should provide
table and sustainable old-age securities for the policyholders.
he above viewpoint is used in establishing well-defined objec-
ives with appropriate constraints of the pension management.
he pension managers (most are specialized agencies set up by
he government) dynamically control the contribution rate and
he asset allocation policies to achieve the objectives. Cairns
2000) points out that the objectives must be sufficiently pre-
ise to avoid ambiguous or non-sensical solutions. Boulier et al.
1995) originally define a generalized cost function and solve the
tochastic optimal control problem by Hamilton–Jacobi–Bellman
HJB) equation. The quadratic deviation between the actual con-
ribution and the expected target, and the quadratic deviation of
he accumulation are combined in the utility function to measure
he costs of contribution risk and the discontinuity risk (cf. Haber-
an and Sung (1994), Keel and Müller (1995), Rincon-Zapatero
nd Josa-Fombellida (2001), Ngwira and Gerrard (2007), Cui et al.
2011) and He and Liang (2015)). Chang et al. (2003) and Wang
t al. (2018) add a linear deviation in the cost function to penalize
egative deviation more than positive deviation. In this paper,
e suppose that the contribution rate should be stable and com-
arable with respect to the past contribution experiences, and
he final accumulation at the end of the time horizon should be
lose to the initial accumulation. Thus, we employ the quadratic
eviation between the actual contribution rate and the habitual
arget as well as the quadratic proportional deviation between
he final accumulation and the initial accumulation as the cost
riterion.
In the existing literature of DB-PAYGO pension management,

he target in the quadratic cost function is usually fixed. The
ixed target is the expected contribution and it measures the
ormal cost for all participants. This assumption is widely used in
he literature (cf. Haberman (1997), Josa-Fombellida and Rincón-
apatero (2001) and Ngwira and Gerrard (2007)). Under this
riterion, the results show that the optimal contribution rate is
n exponential growth curve with respect to time. As such, the
pward adjustment of the contribution rate will be a permanent
rend. This definitely causes the anxiety of the policyholders and
arms their confidence in the sustainability of the pension fund.
s such, it increases the welfare cost of the follow-up policyhold-
rs. In this paper, we propose a new objective function, in which

he stochastic habitual contribution rate is used as the target.
Within the research interval, the contribution rate should be close
to the habitual contribution target which is determined by the
past contribution experiences. Under this new objective function,
we find that after reaching a peak, the upward adjustment trend
of the contribution rate reverses. The hump shape trend stabilizes
the expectation of the parameter adjustment and minimizes the
overall cost of unstable contribution risk and discontinuity risk.

The habit formation behavior was originally studied by Pollak
(1970) and Ryder and Heal (1973), which establish the criterion of
evaluating consumption, comparing to the past consumption ex-
periences. That is, the target of the optimal consumption is mea-
sured by the habitual consumption level, which is the weighted
average of the past consumptions. Following the idea, Detemple
and Zapatero (1991), Chapman (1998) and Yu (2015) study the
optimal consumption problem under the additive habit frame-
work. Meanwhile, Shrikhande (1997) and Detemple and Karatzas
(2003) study the problem under the non-addictive framework.
In this paper, the target of the optimal contribution rate is the
weighted average of the past contribution rates. In this circum-
stance, the contribution rates are stable and comparable with re-
spect to the past contribution experiences. Moreover, we propose
a reasonable constraint on the contribution rate, which simulta-
neously guarantees the non-negativity of the contribution. Basi-
cally, it is studied under a modified addictive habit framework.
Because the habitual target is a stochastic and time-dependent
process, it has no Markovian properties. Thus, the problem cannot
be solved by the dynamic programming technique, HJB equation
or variational method. Meanwhile, we also add the modified
non-negative constraint of the contribution rate, which leads to
difficulty in using Lagrange dual method. To overcome these
difficulties, we first employ martingale method to transform the
original problem to an easier static problem with habitual target.
Then, we transform the static problem to a problem without
habitual target by extending the transformation techniques in De-
temple and Zapatero (1992) and Song et al. (2016). Finally, the
solution of the original problem is established. Furthermore, we
use the generalized Lagrange dual method to solve the difficulties
of the non-negative constraint. The results are split into two cases
depending on the habit-adjusted adequacy of the pension budget.

The contribution of this paper is twofold. First, we employ
martingale method, extended transformation technique and gen-
eralized Lagrange dual method to overcome the difficulties
caused by the stochastic and time-dependent target and the non-
negative constraint. The results are split into two cases which
depend on the habit-adjusted adequacy of the pension budget.
Considering the low growth rates of labor supply and economic
development, most DB-PAYGO pension funds belong to the inad-
equate case. Second, being different from the exponential growth
curve of the fixed target model, the optimal contribution rate
reveals the hump shape curve with respect to time. In particular,
the contribution rate keeps increasing in the initial phase. After
reaching a peak, it goes down in the later phase. By moderately
raising the contribution rate in the initial phase, the contribution
burden of the follow-up policyholders is effectively reduced. The
hump shape trend alleviates the anxiety about unlimited growth
of the contribution rate and minimizes the cost of unstable contri-
bution risk. Furthermore, we numerically simulate the influences
of the exogenous parameters, including the ones depicting the
trend in demography, the fluctuations in salary and investment
and the important settings, such as the time horizon, on the
optimal control policies. We also vary the retirement age to study
the impact of this important parameter reform on the optimal
policies.

The remainder of this paper is organized as follows. Section 2
establishes the optimal pension management problem with a

habitual contribution target. Section 3 derives the main results
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of this paper in Theorems 3.5 and 3.6 by martingale method,
generalized Lagrange dual method and extended transformation
technique. Section 4 compares the differences of the optimal
control policies for the fixed target and the stochastic habitual
target. Additionally, we numerically analyze the impacts of the
exogenous parameters on the optimal control policies. Section 5
concludes this paper. All proofs are given in Appendices A–E.

2. Model formulation

We consider a DB-PAYGO pension, which is financed by pay-
as-you-go scheme and promises the retiree a defined benefit. This
scheme is mainly used as the first-pillar old-age security, as in
Norway, Finland, Canada, Japan and China. During the working
phase, the contribution is the product of current salary and con-
tribution rate. During the retirement phase, the benefit is only
determined by the purchasing power, which is not related to the
historical contribution record of the policyholder. The assumption
of the fixed benefit is not completely consistent with the reality.
However, this assumption makes the model simpler. Meanwhile,
the contribution rate and the amount of the accumulation allo-
cated to the risky asset are dynamically adjusted to achieve the
objectives.

2.1. DB-PAYGO pension system

Consider a DB-PAYGO pension system consisting of the pol-
icyholders in the working phase and the retirement phase. The
working policyholders make contributions to the pension fund. As
such, the total inflow of the fund is determined by the number of
working policyholders, the average salary in each peer cohort and
the contribution rate. Simply, we assume that a0 is the entrance
age to the pension system. τ is the age that the policyholder
retires, and δ is the maximal survival age. Following the notations
in Bowers et al. (1997), let n(t) be the density of the new a0-
year-old entrants at time t . n(t) follows Malthusian demographic
model n(t) = n0eρt , where n0 is the density of the new a0-year-
old entrants at time 0. ρ is the growth rate of the new entrants.
ρ < 0 represents the demographic model with serious aging
problem, which is caused by low fertility and low mortality. Then,
the density of the cohort who are m-year-old at time t is

n(t − (m − a0))s(m),m > a0,

where s(m) is a conditional probability that a person who is alive
at age a0 is still alive at age m. s(m) is the survival function on
[a0, δ] with s(a0) = 1. In particular, Makeham’s law is employed
to formulate the force of mortality and the survival function. The
force of mortality of the m-year-old person is µ0(m) = A + Bzm.
As such, the survival function is as follows:

s(m) = e−
∫ m−a0
0 µ0(a0+s)ds = e−A(m−a0)−

B
log(z) (z

m
−za0 )

, a0 ≤ m ≤ δ.

The total numbers of the policyholders in the working phase and
the retirement phase at time t are respectively given by Θ(t) and
(t):

(t) =

∫ τ

a0

n(t − (m − a0))s(m)dm,

Ξ (t) =

∫ δ

τ

n(t − (m − a0))s(m)dm.

The total contribution at time t is jointly determined by the
number and the structure of the working policyholders, the salary
of each peer cohort and the contribution rate at time t . We first
set up the salary process. Let (Ω,F, {Ft}0≤t≤T , P) be a filtered
omplete probability space satisfying the usual conditions. The
iltration {F } is generated by a standard Brownian motion
t 0≤t≤T
= {Wt : 0 ≤ t ≤ T } on (Ω,F, P), i.e., Ft = σ {Ws : s ≤ t},
representing the information until time t . It is noted that, the
Brownian motion W = {Wt : 0 ≤ t ≤ T } is a common stochastic
source of the financial market and the salary process. In practice,
both of them are influenced by the economic capacity and vitality.
Because it is difficult to solve the stochastic optimization problem
with the habitual target under the assumption of two correlated
Brownian motions, we assume that these two Brownian motions
coincide (cf. Chen et al. (2018)). Besides, in order to exclude the
influence of the labor structure on the overall average salary, we
select the average salary of the new entrants as the benchmark.
The average salary of the new entrants L = {L(t) : 0 ≤ t ≤

T } satisfies the following stochastic differential equations (abbr.
SDEs):

dL(t) = L(t)(αdt + βdWt ), L(0) = L0,

where α and β are the expected growth rate and the volatil-
ity of the average salary, respectively. As such, the m-year-old
policyholder’s average salary at time t is L(t)eϖ (m−a0). ϖ is the
salary growth rate of the experienced working cohort. The total
contribution inflow of the fund C = {C(t) : 0 ≤ t ≤ T } is

C(t) =

∫ τ

a0

n(t − (m − a0))s(m)c(t)L(t)eϖ (m−a0)dm = c(t)L(t)I(t),

where I(t) =
∫ τ
a0

n(t − (m − a0))s(m)eϖ (m−a0)dm, c(t) is the
contribution rate at time t , and c = {c(t) : 0 ≤ t ≤ T } is one
of the control variables.

The total benefit at time t is determined by the number of the
retired policyholders and the amount of the benefit. Based on the
above assumptions, the benefit is only related to the purchasing
power. Thus, the cohorts of different ages have the same level of
benefit. Assume that the benefit at time 0 is b0, and its growth
rate is ζ for pegging with the purchasing power level. As such,
the total benefit outflow of the fund at time t is

B(t) =

∫ δ

τ

n(t − (m − a0))s(m)b0eζ tdm = b0eζ tΞ (t).

The surplus (deficit) between the contribution and the ben-
efit will increase (decrease) the accumulation of the pension
fund. Meanwhile, the accumulation is dynamically allocated to a
risk-free asset and a risky asset.

2.2. The financial market

We assume that the financial market consists of one risk-free
asset and one risky asset, and the prices of two assets satisfy the
following SDEs:

dS0(t) = rS0(t)dt, S0(0) = s0,
dS1(t) = µS1(t)dt + σS1(t)dWt , S1(0) = s1,

where r is the risk-free interest rate, and µ and σ are the ex-
pected return and the volatility of the risky asset. s0 and s1 are
both positive constants. We also assume µ > r and σ ̸= 0. Based
on Cox and Huang (1989), the pricing kernel is

ξt = exp(−at − κWt ), (2.1)

where κ =
µ−r
σ

> 0 and a = r +
κ2

2 . As such, Z = {Z(t) =

ξtert , 0 ≤ t ≤ T } is a P-martingale, and there exists a risk-neutral
measure Q with dQ

dP

⏐⏐
FT

= Z(T ) (cf. Cox and Huang (1989)).

2.3. The stochastic control problem of DB-PAYGO pension

The DB-PAYGO pension manager dynamically chooses the
amount of accumulation π = {π (t) : 0 ≤ t ≤ T } allocated to
the risky asset and the contribution rate c = {c(t) : 0 ≤ t ≤ T }
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o achieve the objective. Then, the corresponding accumulation
rocess of the pension fund X = {X(t) : 0 ≤ t ≤ T } follows the

following SDEs:{dX(t) = (π (t)(µ− r) + rX(t))dt + (c(t)I(t)L(t) − B(t))dt
+ σπ (t)dWt ,

X(0) = x,
(2.2)

where x is the initial accumulation of the pension fund. It is
accumulated from the surplus of the previous generations. During
that time, the labor supply is abundant and the aging population
is small. This assumption is in line with the one in the literature
of Wang et al. (2018). Besides, the proportion of the final accu-
mulation to the initial accumulation is used in the cost criterion
below. As such, only the relative size of the final and the initial
accumulations influences the result. Notably, I = {I(t) : 0 ≤ t ≤

T } and B = {B(t) : 0 ≤ t ≤ T } are deterministic processes.
The contribution rate c = {c(t) : 0 ≤ t ≤ T } and the risky

investment amount π = {π (t) : 0 ≤ t ≤ T } are admissible
denoted by (c, π ) ∈ A(x)) if and only if:

(i) c and π are progressively measurable with respect to the
filtration {Ft}0≤t≤T ;

(ii)

c(t) − ψ(t) ≥ −ψ0e−γ t

for almost surely (t, ω) ∈ [0, T ] ×Ω, (2.3)

where ψ = {ψ(t) : 0 ≤ t ≤ T } is the habitual target
defined below:

ψ(t) = ψ0e−γ t
+ ν

∫ t

0
e−γ (t−s)c(s)ds, (2.4)

and the interpretations of parameters γ and ν are given
after Problem (2.6) is established. ψ0 is the initial habitual
contribution target at time 0;

(iii) SDE (2.2) has a unique solution, denoted by X x,c,π , with the
initial condition X x,c,π (0) = x > 0;

(iv) π satisfies

E0

(∫ T

0
|π (t)|2dt

)1/2

< ∞, (2.5)

where E0 is the expectation under the probability measure
Q ;

(v) c satisfies

E
(∫ T

0
|c(t)|2dt

)p

< ∞

for some p > 1.

Remark 1. Englezos and Karatzas (2009) and Yu (2015) use the
requirements c(t) > ψ(t) for almost surely (t, ω) ∈ [0, T ] × Ω ,
which is called ‘‘addictive’’ condition under the habitual settings.
Detemple and Karatzas (2003) remove this restriction and study
a general exponential-type utility under habitual settings, which
is called ‘‘non-addictive’’ condition. In this paper, we propose a
modified addictive condition (2.3). On the one hand, it guarantees
the non-negativity of the control policy, i.e., c(t) ≥ 0. Indeed, if
we define ĉ(t) ≜ c(t) − ψ(t), then

c(t) = ψ(t) + ĉ(t)

= ĉ(t) + ψ0e(ν−γ )t +

∫ t

0
e(ν−γ )(t−s)ĉ(s)ds

≥ −ψ0e−γ t
+ ψ0e(ν−γ )t − ψ0e(ν−γ )t

∫ t

0
e−νsds

= 0.
 Z
This is a realistic requirement in practice. Although there may be
large pension surplus in some countries, it is rare to distribute the
surplus to the working cohort. On the other hand, Condition (2.3)
guarantees the existence of the unique optimal state process and
the optimal strategy of the optimization problem (cf. Chen et al.
(2018), Song et al. (2016); and also see Case 2 of Section 3.3).
In practice, the actual contribution rate should not be much
lower than the habitual level. The government limits the maximal
negative deviation to prevent the abuse of pension adjustment
right.

Remark 2. In most of the existing literature, condition
∫ T
0 |π (t)|2

dt < ∞ almost surely is employed instead of Condition (2.5).
However, Wang et al. (2018) employ a condition that is stronger
than (2.5), and Cox and Huang (1989) propose a similar integra-
bility condition as Condition (2.5). We employ Condition (2.5)
in this paper to make Lagrange dual method used in Section 3
totally valid for both cases. Furthermore, (2.5) is also a realistic
condition in practice. This constraint requires that the amount∫ T
0 |π (t)|2dt must not only be finite for almost every state ω,

but also be integrable with respect to risk neutral measure Q .
Thus it displays the regulation requirement that the amount of
the accumulation allocated to the risky asset must be restricted
‘‘uniformly’’, i.e., any possibility of the market performance is
considered.

The objective of the DB-PAYGO pension manager is to mini-
mize the expected discounted costs of unstable contribution risk
and discontinuity risk within the time horizon T . This model
setting is in line with Wang et al. (2018). In particular, the con-
tribution rates should be stable and comparable with respect to
the past contribution rate experiences, and the final accumulation
should be neither too large nor too small, comparing with the
initial accumulation. As such, we propose a cost function that
combines the deviation between the actual contribution rate and
a habitual target and the proportional deviation between the final
accumulation and the initial accumulation to depict the costs of
the two risks. On the one hand, the habitual target ψ = {ψ(t) :

0 ≤ t ≤ T } is a reference level of the optimal contribution
ate which depends on the contribution rates in the past. At any
ime t ∈ [0, T ], when c(t) is relatively larger (smaller) than ψ(t),
he current working cohorts (cohorts at previous times) naturally
eel unsatisfied because of bearing higher contribution burden,
omparing to the cohorts at previous times (current working
ohorts). In this circumstance, there is welfare cost due to the
nstable contribution risk. On the other hand, when the final
ccumulation is smaller (larger) than the initial accumulation,
here exists intergenerational transfer from the current working
ohorts (cohorts at other times) to the cohorts at other times
current working cohorts). In this circumstance, there is welfare
ost due to the discontinuous accumulation risk. Hence, the ob-
ective is to minimize the deviations within the time horizon T .
n the literature (cf. Josa-Fombellida and Rincón-Zapatero (2001),
gwira and Gerrard (2007) and Wang et al. (2018)), both the
inite and infinite time horizons are studied, and the finite time
orizons vary from years to decades. In this paper, we assume a
easonable finite time horizon by considering two issues. The one
s that the pension manager pays more attention to the interests
f the working cohorts in their term of management. They do not
ake the interests of the unborn into consideration. The other is
hat the pension rules and the exogenous parameters would be
table for a period of time, but not always be the same. In fact,
e mainly study the impact of exogenous parameter changes on
he optimal pension policies in the short and medium term. In
he long term, this effect will become less obvious. Employing
he quadratic deviations in Haberman and Sung (1994), Rincon-

apatero and Josa-Fombellida (2001) and Ngwira and Gerrard
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(2007) as the cost function, we study the following stochastic
optimal control problem with habitual target:

V (x) = min
(c,π )∈A(x)

E
{ ∫ T

0 λe
−rs(c(s) − ψ(s))2ds

+(1 − λ)e−rT (X x,c,π (T )/xerT − 1)2
} (2.6)

with

ψ(t) = ψ0e−γ t
+ ν

∫ t

0
e−γ (t−s)c(s)ds,

where λ is a weight parameter which measures the importance of
the cost of unstable contribution risk in the overall cost function.
Higher (Lower) λ represents that more attention is paid to the
unstable contribution risk (discontinuity risk). γ and ν are the
scaling parameters formulating the habitual target. According
to Chen et al. (2018), γ > ν is a useful assumption as it assures
that the habitual consumption target decreases as consumption
decreases. Under this condition, when the optimal contribution
rate equals the habitual contribution target, the habitual target
decreases. This paper mainly aims at solving Problem (2.6). The
main results are Theorems 3.5 and 3.6.

3. Solution of Problem (2.6)

In this section, to solve Problem (2.6), we first use martingale
method to transform Problem (2.6) to Problem (3.3), an easier
static problem with habitual target. Then, we transform Prob-
lem (3.3) to Problem (3.11) without habitual target. Finally, the
solution of Problem (2.6) is derived by solving Problem (3.11).

3.1. The martingale approach

Because the target is stochastic and time-dependent, the
methods of dynamic programming and HJB equations do not
work here. We employ the celebrated martingale approach in-
stead to solve the optimal control problem (2.6). Martingale
method is originally studied in Cox and Huang (1989). Based on
the ideas in Karatzas and Shreve (2010) with some modifica-
tions, we first establish a valid constraint on (c, π ) ∈ A(x) in
Proposition 3.1:

Proposition 3.1. For any (c, π ) ∈ A(x),

E
[∫ T

0
ξt (B(t) − c(t)I(t)L(t))dt + ξTX x,c,π (T )

]
= x. (3.1)

Proof. See Appendix A. □

Remark 3. Unlike the results in Karatzas and Shreve (2010),
we do need the constraint to hold as equality in Eq. (3.1). If
the constraint holds as inequality, Case 2 in Section 3 will be
trivial and Case 1 cannot be solved by martingale approach (see
Section 3.3 for more details). In fact, in Chapter 1 of Karatzas
and Shreve (2010), the similar requirement on π , which is called
‘‘martingale generating’’, is a reasonable constraint that rules
out arbitrage chances (cf. Remark 1.5.10 in Karatzas and Shreve
(2010)).

Proposition 3.2 is a modification of Theorem 3.3.5 in the lit-
erature of Karatzas and Shreve (2010). Based on Proposition 3.2,
Constraint (3.1) is sufficient for the control policies of Problem
(2.6) to be admissible.

Proposition 3.2. For any progressively measurable process c =

{c(t) : 0 ≤ t ≤ T } with E(
∫ T

|c(t)|2dt)p < ∞ for some p > 1,
0
and an FT -measurable random variable η with Eξ 2T η
2 < ∞ such

that

E
[∫ T

0
ξt (B(t) − c(t)I(t)L(t))dt + ξTη

]
= x, (3.2)

there exists a π = {π (t) : 0 ≤ t ≤ T } satisfying (c, π ) ∈ A(x) and
X x,c,π (T ) = η.

Proof. See Appendix B. □

Propositions 3.1 and 3.2 make it possible to ignore π = {π (t) :

0 ≤ t ≤ T } and study a static problem. That is, we equivalently
transform Problem (2.6) to Problem (3.3):

V (x) = min
c,η

E
[∫ T

0
λe−rs(c(s) − ψ(s))2ds

+ (1 − λ)e−rT (
η

xerT
− 1)2

]
, (3.3)

ubject to

{
c(t) − ψ(t) ≥ −ψ0e−γ t ,

E
[∫ T

0 ξt (B(t) − c(t)I(t)L(t))dt + ξTη

]
= x. (3.4)

.2. Transformation of Problem (3.3)

In this subsection, we transform Problem (3.3) with the habit-
al target to an equivalent problem without a target by defin-
ng a new pricing kernel, which can be solved by Lagrange
ual method. The transformation method is originally proposed
y Schroder and Skiadas (2002) and lately used in Chen et al.
2018). Define

ˆ(t) ≜ c(t) − ψ(t), (3.5)

x,c,η(t) ≜
1
ξt
E
[∫ T

t
ξs(B(s) − c(s)I(s)L(s))ds + ξTη|Ft

]
, (3.6)

ξ̂t ≜ ξt I(t)L(t) + νE
[∫ T

t
ξsI(s)L(s)e−(γ−ν)sds|Ft

]
e(γ−ν)t , (3.7)

ˆ x̂,ĉ,η(t) ≜
1

ξ̂t
E
[
−

∫ T

t
ξ̂sĉ(s)ds + ξTη|Ft

]
. (3.8)

hen the transformation comes from Lemma 3.3:

emma 3.3. We have

ξtX x,c,η(t) = ξ̂t X̂ x̂,ĉ,η(t) + E
[∫ T

t
ξsB(s)ds|Ft

]
− E

[∫ T

t
ξsI(s)L(s)e(ν−γ )sds|Ft

]
e(γ−ν)tψ(t).

(3.9)

roof. See Appendix C. □

If we define

F (t) ≜
∫ T

t
e(b−a−γ+ν+ 1

2 σ̄
2)sI(s)ds,

(t) ≜ I(t)e(b−a)t
+ νe(γ−ν− 1

2 σ̄
2)tF (t),

where σ̄ 2
= (β − κ)2, a = r +

1
2κ

2, b = α −
1
2β

2, then Eq. (3.9)
can be rewritten as follows (see Appendix C for details):

ξtX x,c,η(t) = ξ̂t X̂ x̂,ĉ,η(t) − e(γ−ν− 1
2 σ̄

2)t+(β−κ)Wt F (t)ψ(t)

+ e(r−a)t−κWt

∫ T

t
e−rsB(s)ds,

ˆ βWt−κWt

(3.10)
ξt = e G(t).
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sing Lemma 3.3 and letting t = 0 in Eq. (3.10), we find that
roblem (3.3) is displayed as follows:

(x) = min
ĉ,η

E
{∫ T

0
λe−rsĉ2(s)ds + (1 − λ)e−rT (η/xerT − 1)2

}
(3.11)

ubject to

{
ĉ(t) ≥ −ψ0e−γ t ,

E
[
−
∫ T
0 ξ̂t ĉtdt + ξTη

]
= x̂,

(3.12)

here

x̂ = x − E
∫ T

0
ξtB(t)dt + ψ0E

∫ T

0
ξt I(t)L(t)e−(γ−ν)tdt

= x −

∫ T

0
e−rsB(s)ds + ψ0F (0).

(3.13)

.3. Solution of Problem (2.6): Two cases

In this subsection, we first derive an explicit solution of Prob-
em (3.11) by Lagrange dual method, then we derive the solution
f Problem (2.6) through that of (3.11). To solve Problem (3.11),
e study a generalized problem for notation simplicity and es-
ablish the verification procedure of the optimality. Consider the
ptimization problem:

Minimize
{
E
∫ T

0
U1(ĉ(t))dt + U2(η)

}
,

subject to (3.12).
(3.14)

ased on Lagrange dual method, Proposition 3.4 gives the solution
f Problem (3.14).

roposition 3.4. Suppose that for some y ∈ R, we find

ˆ∗(t, y) = argmin{U1(x̂(t)) + yξ̂t ĉ(t)},
∗(y) = argmin{U2(η) − yξTη}.

f ĉ∗ and η∗ satisfy the conditions in Proposition 3.1 and (3.12), then
ĉ∗, η∗) is the solution of Problem (3.14).

Proof. See Appendix D. □

Note that the Lagrange multiplier y is not restricted to be posi-
tive, which strongly relies on the fact that the derived constraints
in Eqs. (3.1) and (3.2) hold as equality. Implementing the above
verification procedures, we establish the solution explicitly for
Problem (2.6) through Problem (3.11). The main results are split
into two cases, depending on the sign of x̂− x, i.e., x̂ ≤ x or x̂ > x.

Remark 4. In (3.13), if

−E
∫ T

0
ξtB(t)dt + ψ0E

∫ T

0
ξt I(t)L(t)dt = 0

holds, the expected total benefits (the first item) equal to the
expected total contributions (the second item) when the con-
tribution rate is fixed at the initial habitual contribution target
ψ0. In this circumstance, the pension budget is balanced under
the initial pension rules. When there is the surplus (deficit), the
pension budget is adequate (inadequate). This is in line with the
statement of ‘‘yearly balanced pension budget’’ in Lindbeck and
Persson (2003), except for the time horizon. In practice, it is hard
to balance the pension budget in most DB-PAYGO pensions be-
cause of the shrinking labor supply and growing aging population.
Furthermore, we call

x̂ − x = −E
∫ T

ξtB(t)dt + ψ0E
∫ T

ξt I(t)L(t)e−(γ−ν)tdt

0 0

d

‘‘habit-adjusted adequacy of the pension budget’’ under the ini-
tial pension rules as the habit-adjusted parameter e−(γ−ν)t is
included. Besides, because we suppose that γ > ν is valid,
x̂−x ≤ 0 holds in most of the pension funds. In this circumstance,
the pension budget is habit-adjusted inadequate, and the pension
manager needs to take more risk and adjust the pension rules to
make the system balanced.

3.3.1. Case 1: x̂ ≤ x
We propose a candidate solution:

ĉ∗(t) =
1
2λ

(−y)ert ξ̂t , (3.15)

∗
=

x2

2(1 − λ)e−3rT

[
2
x
(1 − λ)e−2rT

+ yξT

]
. (3.16)

To fit (3.12), we denote

X (y) = y
{
E
[∫ T

0

1
2λ

ert (ξ̂t )2dt +
x2

2(1 − λ)e−3rT ξ
2
T

]}
+ x,

then the inverse function of X (·) is

Y(x̂) =
x̂ − x
η0

,

here

0 = E
[∫ T

0

1
2λ

ert (ξ̂t )2dt +
x2

2(1 − λ)e−3rT ξ
2
T

]
=

∫ T

0

1
2λ

e(r+2σ̄2)tG2(t)dt +
x2e2κ

2T−2aT+3rT

2(1 − λ)
> 0.

Plugging these back to Eqs. (3.15) and (3.16), using
Proposition 3.4, and noting that Y(x̂) ≤ 0 and ĉ∗(t) ≥ 0, we obtain
the solution of Problem (2.6). Based on the discussion above, we
have

Theorem 3.5. Assume x̂ ≤ x. Then, the solution (c∗, π∗) and X∗ of
roblem (2.6) is given by

∗(t) = ĉ∗(t) + ψ0e(ν−γ )t + ν

∫ t

0
e(ν−γ )(t−s)ĉ∗(s)ds, (3.17)

∗(t, ω) = σ−1
[(2β − κ)u1(t,Wt (ω)) − κu3(t,Wt (ω))

+ βu4(t,Wt (ω), ω)], (3.18)
∗(t, ω) = u1(t,Wt (ω)) + u2(t) + u3(t,Wt (ω))

+ u4(t,Wt (ω), ω) + u5(t), (3.19)

here the functions uis and the process ĉ∗ are respectively given by

ˆ
∗(t) ≜

1
2λ

(−Y(x̂))ert ξ̂t ,

1(t, y) ≜
Y(x̂)
2λ

e(2β−κ)y+(a−2σ̄2)t
∫ T

t
e(r+2σ̄2)sG2(s)ds,

u2(t) ≜ ertx,

u3(t, y) ≜
Y(x̂)x2e(κ

2
+r)T+(a−2κ2)t−κy

2(1 − λ)
,

u4(t, y, ω) ≜ −e(γ−ν+a− 1
2 σ̄

2)t+βyF (t)ψ(t, ω),

5(t) ≜ ert
∫ T

t
e−rsB(s)ds.

roof. See Appendix D. □

emark 5. It is seen from Eqs. (3.15) and (3.17) that the optimal
ontribution rate c∗ depends on x̂− x. However, x̂− x is indepen-
ent of the initial fund accumulation x. As such, c∗ is independent
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of x. In this paper, the quadratic deviation between the proportion
of the final accumulation to the initial accumulation and 1 is
used to measure the cost of discontinuity risk. As such, only the
relative size of the final and initial accumulations influences the
result. This result is completely different from the one of the
fully funded scheme. In fully funded scheme, the optimal benefit
and risky investment proportion are positively and negatively
correlated with the initial accumulation, respectively (cf. He and
Liang (2015)).

3.3.2. Case 2: x̂ > x
In this case, the Lagrange multiplier y is expected to be pos-

itive. Naturally, we assume that ψ0 > 0. Because Y(x̂) > 0 and
ĉ∗ < 0, we consider the problem (for y > 0):

Ũ(y) = inf
ĉ(t)≥c̃(t)

{λe−rt ĉ2(t) + yξ̂t ĉ(t)}, (3.20)

where c̃(t) = −ψ0e−γ t . The solution of the control problem (3.20)
s easily established and the optimal ĉ∗(·) is

ˆ
∗(t) =

1
2λ

(−y)ert ξ̂t I
{ξ̂t≤

2λψ0e
−(γ+r)t
y }

+ c̃t I
{ξ̂t>

2λψ0e
−(γ+r)t
y }

. (3.21)

Because there is no restriction on the terminal accumulation η, η∗

remains the same as in (3.16). For simplicity, we define H(t, y) =

2λψ0e−(γ+r)t/y. Then ξ̂t ≤ H(t, y) in (3.21) is equivalent to Zt ≤

log(H(t, y)/G(t)), where Zt ∼ N(0, σ̄ 2t), a normal distribution.
Then, we characterize and establish the Lagrange multiplier y in
Case 2. Let Φ(·) be the c.d.f. (cumulative distribution function) of
standard normal distribution. Define

X2(y) = x + y
x2e2κ

2T−2aT+3rT

2(1 − λ)

+ E
[∫ T

0

1
2λ

yert ξ̂ 2t I{Zt≤log(H(t,y)/G(t))}

]
− E

[∫ T

0
ξ̂t c̃t I{Zt>log(H(t,y)/G(t))}

]
= x + ψ0

∫ T

0
e(σ̄

2/2−γ )tG(t)(1 −Φ(J1(t, 0, y)))dt + η1(y)y,

(3.22)

here

1(y) =
x2e2κ

2T−2aT+3rT

2(1 − λ)

+
1
2λ

∫ T

0
e(r+2σ̄2)tG2(t)Φ(J2(t, 0, y))dt > 0, (3.23)

Jj(s, t, y) = log(H(t, y)/G(t)) − jσ̄ 2(s − t), j = 1, 2. (3.24)

etting

∗

2 (y) = ψ0

∫ T

0
e(σ̄

2/2−γ )tG(t)(1 −Φ(J1(t, y)))dt + η1(y)y, (3.25)

we try to find the inverse function of X ∗

2 (·) mapping from (0,∞)
to itself. Based on Lemmas E.1 and E.2 in Appendix E, if x is
sufficiently large, (E.1) holds and thus X ∗

2 has an inverse function,
enoted by Y2. The following theorem establishes the solution of
roblem (2.6) when x̂ > x:

Theorem 3.6. Assume x̂ > x. The solution (c∗, π∗) and X∗ of
roblem (2.6) is given by

∗(t) = ĉ∗(t) + ψ0e(ν−γ )t + ν

∫ t

0
e(ν−γ )(t−s)ĉ∗(s)ds, (3.26)

∗
= σ−1((2β − κ)v + βv − κu + βu ), (3.27)
1 2 3 4
X∗
= v1 + v2 + u2 + u3 + u4 + u5, (3.28)

here the functions vis and process ĉ∗ are respectively given by

1(t, y) ≜
Y2(x̂)
2λ

e2βy−κy+at−2σ̄2t

×

∫ T

t
e(r+2σ̄2)sG2(s)Φ(J2(s, t,Y2(x̂)))ds,

v2(t, y) ≜ ψ0eβy+at−σ̄2t/2

×

∫ T

t
e(σ̄

2/2−γ )sG(s)(1 −Φ(J1(s, t,Y2(x̂))))ds,

ˆ
∗(t) ≜

1
2λ

(−Y2(x̂))ert ξ̂t I
{ξ̂t≤

2λψ0e
−(γ+r)t

Y2(x̂)
}

+ c̃t I
{ξ̂t>

2λψ0e
−(γ+r)t

Y2(x̂)
}

,

and all of uis are defined as in Theorem 3.5.

Proof. See Appendix E. □

4. Numerical simulation and main implications

The results in Section 3 establish the explicit expression of the
solution for Problem (2.6) with a habitual target. The results are
divided into two cases depending on the habit-adjusted adequacy
of the pension budget. In particular, when x̂ ≤ x, the pension
is habit-adjusted inadequate and cannot be self-balanced by the
initial pension rules. This scenario is usually observed in the
developed countries with low growth rate of labor supply and
serious aging problem. In this circumstance, there is the deficit
of the pension budget. The contribution rate should be raised
and the risky investment should be increased to maintain the
sustainability of the system. On the contrary, when x̂ > x, the
pension is habit-adjusted adequate and can be self-balanced. This
scenario is usually observed in the developing countries with
high growth rates of labor supply and economic development.
In this circumstance, there is the surplus of the pension budget,
and the contribution rate could be stable at the initial level.
Besides, the policyholder does not need to take much investment
risk. In extreme cases, the proportion allocated to the risky asset
is negative to reduce unnecessary risk-takings. In this section,
numerical methods are implemented to study the impacts of
the parameters in demography, pension rules, salary, financial
market, habitual target and time horizon on the optimal control
policies.

The parameter settings in numerical simulation are mainly in
line with the ones in literature Wang et al. (2018), which are
calibrated according to the situations in Canada. However, we
assume a negative growth rate of new labor entrants to study the
impacts of aging problem. The assumption is far removed from
current reality but might emerge soon. In order to alleviate this
shortcoming, the growth rate is varied from negative to positive
to do the simulations.

In the demography aspect, we suppose that the growth rate
of the new entrants is ρ = −0.005, which depicts the scenario
of negative growth of labor supply. The maximal survival age is
δ = 100. The parameters in the force of mortality function are
A = 0.000022, B = 2.7 × 10−6, z = 1.124, as in Dickson et al.
(2013) and Wang et al. (2018).

In the pension rules aspect, the age of the new entrants into
the pension system is a0 = 25, and the age of retirement is
τ = 65. Following the assumptions in Wang et al. (2018), the
number of new entrants at time 0 is n0 = 10, the initial fund
accumulation is x = 4000. The time horizon is T = 20, which
is consistent with the settings in the important reference of this
paper (cf. Wang et al. (2018)). Furthermore, the benefit at time 0
is b0 = 0.7, and the growth rate of the benefit is ζ = 0.02. The
initial habitual contribution target is ψ = 0.15.
0
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able 1
arameter settings in the numerical simulation.
ρ δ A B z a0 τ n0
−0.005 100 0.000022 2.7 × 10−6 1.124 25 65 10

x T b0 ς ψ0 L0 ϖ α

4000 20 0.7 0.02 0.15 1 0.01 0.03

β r µ σ ν γ λ

0.01 0.01 0.05 0.15 0.3 0.4 0.01

In the salary aspect, the average salary of the new entrants at
ime 0 is L0 = 1. In this scenario, the 25-year-old new entrant
pays 0.15 as the contribution, and the 65-year-old new retiree
receives 0.7 as the benefit. We suppose that the salary growth
rate of the experienced working cohort is ϖ = 0.01. As such,
the pension replacement ratio (the benefit divided by the current
average salary of the cohort) is 0.7

1×e0.01×(65−25) = 0.47, which is a
ealistic level. Following the assumptions in Wang et al. (2018),
he expected growth rate and the volatility of the average salary
re α = 0.03 and β = 0.01, respectively.
In the financial market aspect, the risk-free interest rate is

= 0.01. The expected return and the volatility of the risky asset
re µ = 0.05, σ = 0.15, respectively.
In the habitual target aspect, we follow the assumptions in

hen et al. (2018). The scaling parameters formulating the habit-
al target are ν = 0.3 and γ = 0.4, respectively. In addition, we
ssume that the weight parameter is λ = 0.01. Being different
rom the model settings in Wang et al. (2018), we use propor-
ional deviation of the accumulation to measure the discontinuity
ost. Meanwhile, according to the difference in magnitude be-
ween the costs of unstable contribution risk and discontinuity
isk shown in Fig. 4, the much smaller λ is a reasonable parameter
etting.
According to the parameter settings of the baseline model in

able 1, x̂ = −435.2. The huge deficit is caused by the assumption
f negative new entrants growth rate. As such, x̂ ≤ x holds. The
ension fund is habit-adjusted inadequate and belongs to Case 1.
In the following part, we use Monte Carlo method to do the

umerical analysis. The time interval [0, T ] is split into 1000
ubintervals. For each subinterval, we generate a random variable
ith normal distribution, which serves as the common random
ource of the risky asset and the salary process. Based on the
pdated salary level and risky asset price, as well as the optimal
ontrol policies, we obtain the new fund accumulation at the end
f the subinterval. Then, we recalculate the optimal contribution
ate and the optimal asset allocation amount based on the new
und accumulation. Being different from the stochastic control
odel with the fixed target, the contribution rate depends on the
ast contribution experiences and thus exhibits time-dependent
roperty. Following the above instructions, the procedure is re-
eated in the next subinterval, and eventually we establish the
ptimal policies on the entire interval [0, T ]. The above proce-
ures are repeatedly implemented 10000 times, and the average
f the optimal contribution rate Ec∗(t) and the average of the
ptimal risky investment proportion E( π

∗(t)
X∗(t) ) are used by the

ollow-up analysis.
We investigate the difference of the optimal contribution rates

or the habitual target and the fixed target. For the fixed target
odel, we assume ν = γ = 0 in (2.4). In Fig. 1, the optimal
ontribution rate shows exponential growth trend for the fixed
arget. However, the optimal contribution rate is a hump shape
urve for the habitual target. Suffering the unfavorable trends
n demography and economic growth, most pension funds are
nadequate. In order to compensate the adverse impact on the
ustainability of the pension funds, the contribution rate needs to
e adjusted. However, the optimal adjustment solutions are quite
Fig. 1. The optimal contribution rates Ec∗(t): habitual target vs. fixed target.

Fig. 2. The optimal risky proportion E( π
∗(t)

X∗(t) ): habitual target vs. fixed target.

different for the two targets. For the fixed target, the upward
adjustment is a permanent trend and the contribution burden of
the follow-up contributors is gradually increased. For the habitual
target, in the beginning, the raising of the contribution rate leads
to the raising of the habitual target. The raising of the target
in turn promotes the contribution rate even more. This spiral
upward trend, together with the relatively abundant labor supply
and prosperous economic status in the initial phase, leads to more
accumulation. After reaching a peak at the contribution rate of
33%, the contribution burden of the follow-up policyholders is
reduced.

In Fig. 2, the optimal risky investment proportion shows a
steeper downward trend for the habitual target, comparing to
the one for the fixed target. In the beginning, the investment is
shifted more towards the risky asset in order to assure the hump
shaped optimal contribution rate. Along with the increase of the
accumulation, the risky investment proportion decreases more
rapidly in the follow-up times. As such, the final accumulation
is relatively stable for the habitual target. Besides, the problem of
insufficient accumulation at the end has also been alleviated, as
shown in Fig. 3.

In Fig. 4, we study the evolution of the instantaneous cost
with respect to time. The term ‘‘instantaneous cost’’ is referred
to the expectation of the integrand in the objective function of

Eq. (2.6). Note that, at time T , the proportional deviation of the
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Fig. 3. The optimal pension accumulation EX∗(t): habitual target vs. fixed target.

Fig. 4. The evolution of the instantaneous cost with respect to time.

accumulation is added to the instantaneous cost function. We
also observe that the magnitude of the proportional accumulation
deviation is 0.4 × 10−4, and the magnitudes of the contribution
ate deviations on [0, T ] are 0.5 × 10−4

∼ 1.6 × 10−4. The
nstantaneous cost shows a hump shape trend with respect to
ime. The overall cost is mostly composed of the contribution rate
eviations in the medium term.
In the first part of sensitivity analysis, we study the impacts

f the demography trends, longevity risk, salary fluctuations,
he scaling and weight parameters and the time horizon on the
ptimal control policies with respect to time t .
First, we investigate the impacts of new entrants growth rate

n the optimal policies for the habitual target model. In Fig. 5,
hen the new entrants growth rate decreases, the dependency
atio increases and it leads to higher deficit of the pension budget.
s such, the contribution rate substantially increases. The maxi-
al contribution rate peaks at c = 39% in the scenario of ρ =

0.01. In Fig. 6, when the new entrants growth rate decreases,
he proportion allocated to the risky asset increases. The pension
anager needs to take more investment risk to re-balance the
ension budget. Furthermore, the risky investment proportion
ecreases with respect to time and eventually approaches zero.
s such, the accumulation is fairly stable at the end of the horizon.
Second, we investigate the impacts of longevity risk on the

ptimal policies. We let the parameters A and B in the Makeham’s
 a
Fig. 5. The impacts of new entrants growth rate ρ on optimal contribution rate
Ec∗(t).

Fig. 6. The impacts of new entrants growth rate ρ on optimal risky proportion
E( π

∗(t)
X∗(t) ).

model change proportionally. The smaller A and B indicate a
lower instantaneous mortality rate and a longer life-expectancy.
In particular, according to the baseline model in Table 1, the
remaining life-expectancies of 25, 65 and 80 year old person are
61.23, 22.64, 10.92, respectively. Correspondingly, the remaining
life-expectancies of 25, 65 and 80 year old person are 62.97,
24.16, 12.01, for the case of A′

A =
B′

B = 0.8.
In Figs. 7 and 8, when the life-expectancy follows a positive

trend, the optimal contribution rate and the optimal risky in-
vestment proportion increase correspondingly. Particularly, the
longer life-expectancy of 1.5 year increases the peak contribution
rate from 33% in the baseline case to 35% in the case of A′

A =
B′

B =

.8.
Third, we investigate the impacts of expected salary growth

ate on the optimal policies. Noting that the expected salary
rowth rate α reflects the changes due to both inflation and pro-
uctivity gains and the growth rate of benefit ς only reflects the
hange due to inflation, the two parameters are usually positively
orrelated. However, in the rare case of stagflation, they are neg-
tively correlated. We would like to fix ς in this part and study
he correlations in the following part. In Fig. 9, when the expected
alary growth rate decreases, the total contribution decreases
nd the contribution rate is increased to re-balance the pension
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Fig. 7. The impacts of longevity risk on optimal contribution rate Ec∗(t).

Fig. 8. The impacts of longevity risk on optimal risky proportion E( π
∗(t)

X∗(t) ).

Fig. 9. The impacts of expected salary growth rate α on optimal contribution
rate Ec∗(t).

budget. We observe a gradually increasing contribution rate in
the first ten years. After reaching the peak, the contribution rate
decreases due to the abundant accumulation in the initial phase.
Accordingly, it reduces the requirement of excessive risk-takings
 w
Fig. 10. The impacts of expected salary growth rate α on optimal risky
proportion E( π

∗(t)
X∗(t) ).

Fig. 11. The impacts of scaling parameters ν and γ on optimal contribution rate
c∗(t).

n the later phase. Thus, we observe an inverse trend of the risky
nvestment proportion in Fig. 10.

Fourth, we investigate the impacts of the scaling parameters
and γ of the habitual target on the optimal policies. In Figs. 11
nd 12, when γ is fixed, smaller ν represents less important of the
istorical contribution rates in the habitual target, comparing to
he initial contribution rate. In the scenario of upward adjusted
ontribution rate, smaller ν leads to a slower rise of the habit-
al target, as well as a lower optimal contribution rate. In this
ircumstance, the accumulation is smaller because of the lower
ontribution rate. Accordingly, larger proportion needs to be al-
ocated to the risky asset to make the pension budget balanced.
he above result is consistent with the case when ν is fixed and
is larger, because only the relative size of the two parameters

nfluences the result.
Fifth, we study the impacts of the weight parameter λ on

he optimal policies. In Figs. 13 and 14, when λ is relatively
mall, more weight is allocated to the cost of discontinuity risk.
n this circumstance, the contribution rate increases substantially
o make sure that the final accumulation is sufficient. The risky
nvestment proportion is reduced accordingly. On the contrary,

hen λ is relatively large, the contribution rate is reduced to
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Fig. 12. The impacts of scaling parameters ν and γ on optimal risky proportion
E( π

∗(t)
X∗(t) ).

Fig. 13. The impacts of weight parameter λ on optimal contribution rate Ec∗(t).

Fig. 14. The impacts of weight parameter λ on optimal risky proportion E( π
∗(t)
X(t) ).

avoid the cost of the excessive contributions. Because of the in-
sufficient accumulation, the risky investment proportion is higher
in this circumstance.
Fig. 15. The impacts of time horizon T on optimal contribution rate Ec∗(t).

Fig. 16. The impacts of time horizon T on optimal risky proportion E( π
∗(t)
X(t) ).

The last, we study the impacts of time horizon T on the opti-
al policies in Figs. 15 and 16. The hump shape trend exists in the

our cases of T = 10, 20, 30, 40. However, this trend becomes less
ronounced along with the extension of time horizon. When the
arger time horizon is considered, the populations of the working
ohorts and the retired cohorts are both small after decades.
hus, the imbalance of the pension budget will be less serious at
hat time. In this circumstance, the adverse demographic changes
ould be absorbed in a longer time. Furthermore, we observe that
he risky investment increases dramatically in the T = 40 case. It
s an effective way to balance the pension budget by promoting
nvestment returns in the long term.

In the second part of sensitivity analysis, we study the cross
mpacts of two dimensional parameters on the optimal policies
t time 0.
First, we investigate the impacts of new entrants growth rate
and expected salary growth rate α on the optimal policies. In

igs. 17 and 18, when ρ and α are both low, the pension budget
s inadequate, as most of the countries suffer from shrinking
abor supply and low economic vitality in practice. They have
o raise the contribution rate and take more investment risk to
aintain the pension budget balanced. This further increases the
ontribution burden and the discontinuity risk. As such, the gov-
rnments are actively looking for ways to alleviate the pains, such
s implementing fertility policies and employing immigrants to
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Fig. 17. The impacts of ρ and α on optimal contribution rate c∗(0).

Fig. 18. The impacts of ρ and α on optimal risky proportion π∗(0)
X∗(0) .

Fig. 19. The impacts of α and ς on optimal contribution rate c∗(0).

increase the new labor supply, and encouraging the development
of new technology to enhance the economic vitality.

Second, we investigate the impacts of expected salary growth
rate α and the growth rate of benefit ς in Figs. 19 and 20. In most
cases, α and ς are positively correlated. This positively correlated
change alters the contribution and the benefit simultaneously. It
only has a small impact on the balance of the pension budget and
the optimal policies. As such, the optimal contribution rate and
the optimal risky investment proportion are relatively stable with
respect to the changes of the two parameters. In rare cases, α and

could be negatively correlated, such as the case of stagflation.
 p
Fig. 20. The impacts of α and ς on optimal risky proportion π∗(0)
X∗(0) .

Fig. 21. The impacts of ρ and τ on optimal contribution rate c∗(0).

Fig. 22. The impacts of ρ and τ on optimal risky proportion π∗(0)
X∗(0) .

When there is high inflation and low economic growth rate,
both of the contribution rate and the risky investment proportion
should be raised. On the contrary, when there is low inflation and
high economic growth rate, both of the contribution rate and the
risky investment proportion could be reduced.

Third, we investigate the impacts of new entrants rate ρ and
etirement age τ on the optimal policies at time 0. In Figs. 21
nd 22, when the new entrants growth rate is low and people
etire early, the contribution rate and the risky investment pro-
ortion are both high. Meanwhile, we find that, postponing the
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Fig. 23. The impacts of ϖ and τ on optimal contribution rate c∗(0).

Fig. 24. The impacts of ϖ and τ on optimal risky proportion π∗(0)
X∗(0) .

retirement is an important measure to alleviate the adverse influ-
ence of the aging problem. Postponing the retirement age from 55
to 70 could offset the negative impact of decreasing new entrants
growth rate from 0.01 to −0.01.

The last, we investigate the impacts of experienced salary
growth rate ϖ and the retirement age τ on the optimal policies
at time 0. In Figs. 23 and 24, when the salary growth rate of
the experienced cohort is relatively high, postponing retirement
age substantially decreases the contribution rate. By delaying re-
tirement, the high-income experienced policyholders increase the
total contribution dramatically. This alleviates the contribution
burden and reduces both of the risk-taking and the discontinuity
risk.

5. Conclusion

This paper investigates the optimal contribution rate and the
optimal asset allocation policy to minimize the costs of unstable
contribution risk and discontinuity risk in a DB-PAYGO pension.
The stochastic and time-dependent habitual target as well as the
modified non-negative constraint of the contribution rate lead
to difficulties in solving the minimization problem. We employ
martingale method, extended transformation technique and gen-
eralized Lagrange dual method to transform the original problem
to a static problem without a target, and find the explicit solu-
tions. Depending on the habit-adjusted adequacy of the pension
budget, the results are split into two cases. In the inadequate
case which most DB-PAYGO pensions belong to, the spiral up-
ward trends of the contribution rate and the habitual target lead
to sufficient accumulation in the initial phase. After reaching
the peak, the contribution burden is effectively reduced in the
later phase. The result is quite different from the exponential
growth trend of the fixed target model. The hump shape trend
of the optimal contribution rate alleviates the anxiety about the
unlimited growth of the contribution burden and restores the
confidence in the sustainability of the pension fund. The results
also show that the new entrants growth rate, the instantaneous
mortality rate, the expected salary growth rate and the retirement
age have negative impacts on the optimal contribution rate and
the optimal risky investment proportion. The weight parameter
λ and the scaling parameter γ are negatively correlated with
the optimal contribution rate and positively correlated with the
optimal risky investment proportion.

Acknowledgments

The authors acknowledge the support from the National Nat-
ural Science Foundation of China (No. 11871036, No. 11471183).
The authors also thank the members of the group of Insurance
Economics and Mathematical Finance at the Department of Math-
ematical Sciences, Tsinghua University for their feedbacks and
useful conversations.

Appendix A. Proof of Proposition 3.1

We prove Proposition 3.1 based on the following Lemmas A.1
and A.2.

Lemma A.1. Let Q be the equivalent measure introduced in Sec-
tion 2.2 and Z(t) ≜ E[Z(T )|Ft ]. Assume that Γ (·) is a continuous
process with bounded variation, g(·) is an {Ft}0≤t≤T -adapted process
such that

E
[∫ T

0
|g(s)|d|Γ |(s)

]p
< ∞, (A.1)

for some p > 1. Then

E0

[∫ t

0
g(s)dΓ (s)

]
= E

[∫ t

0
Z(s)g(s)dΓ (s)

]
.

Proof. Using Itô’s formula, we have

Z(t)
∫ t

0
g(s)dΓ (s) = κ

[∫ t

0
Y (s)dW (s)

]
+

∫ t

0
Z(s)g(s)dΓ (s), (A.2)

where

Y (t) ≜ Z(t)
∫ t

0
g(s)dΓ (s).

ased on Eq. (A.1), |Y (t)| < ∞ almost surely, ∀0 ≤ t ≤ T . Let
τn ≜ inf{0 ≤ t ≤ T : |Yt | ≥ n}, then τn → ∞ almost surely.
eplacing t with t ∧ τn and taking expectations on both sides of
q. (A.2), we have

[Z(t ∧ τn)
∫ t∧τn

0
g(s)dΓ (s)] = E

∫ t∧τn

0
Z(s)g(s)dΓ (s). (A.3)

sing the same way as in Lemma A.2, we can prove(
sup

0≤t≤T
|Z(t)|

)q

< ∞. (A.4)

ecause∫ t∧τn

0
Z(s)g(s)dΓ (s)| ≤

∫ T

0
|Z(s)||g(s)|d|Γ |(s)

≤ sup |Z(t)|
∫ T

|g(s)|d|Γ |(s),

0≤t≤T 0
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sing Eqs. (A.1) and (A.4), we have{
sup

0≤t≤T
|Z(t)|

∫ T

0
|g(s)|d|Γ |(s)

}
≤

{
E( sup

0≤t≤T
|Z(t)|)q

} 1
q

·

{
E
[∫ T

0
|g(s)|d|Γ |(s)

]p} 1
p

< ∞.

s such, the right side of (A.3) is dominated. Using similar proce-
ure, we prove that the left side of (A.3) is also dominated. Letting
→ ∞, we have

[Z(t)
∫ t

0
g(s)dΓ (s)] = E

∫ t

0
Z(s)g(s)dΓ (s). (A.5)

Based on Lemma 3.5.3 of Karatzas and Shreve (2010), the proof
follows. □

Lemma A.2. Let ξ = {ξt : 0 ≤ t ≤ T } be the pricing density defined
by Eq. (2.1). Then

E
(

sup
0≤t≤T

ξ−2
t

)2

< ∞. (A.6)

Proof. Because the parameters of the financial market are all
constant, using B-D-G inequalities, we have

E
(

sup
0≤t≤T

ξ−2
t

)2

≤ e(2κ
2
+2a)TE

(
sup

0≤t≤T
e−2κ2+2κWt

)2

≤ e(2κ
2
+2a)TE⟨M⟩T ,

where M = {Mt ≜ e−2κt+2κWt : 0 ≤ t ≤ T } is a P-martingale.
Noting

Mt = 1 + 2κ
∫ t

0
MsdWs,

we have

E⟨M⟩T = 4κ2
∫ T

0
EM2

s ds < ∞. □

Now, we prove Proposition 3.1. For simplicity, we define the
net inflow (inflow-outflow) process of the pension fund Γ (·) as
ollows:

(t) ≜
∫ t

0
(c(s)I(s)L(s) − B(s))ds. (A.7)

Based on (2.2) and Itô’s formula, we have

X(t)
S0(t)

= x +

∫ t

0

dΓ (s)
S0(s)

+ σ

∫ t

0

π (s)
S0(s)

dW0(s), (A.8)

where W0 is a Brownian motion under Q . Additionally, as S0(s) ≥

1 for almost surely (s, ω) ∈ [0, T ] ×Ω , we have

E0

(∫ T

0

⏐⏐⏐⏐ π (s)S0(s)

⏐⏐⏐⏐2 ds
)1/2

≤ E0

(∫ T

0
|π (s)|2ds

)1/2

< ∞.

As such, employing the conclusion in Theorem 3.3.28 of Karatzas
and Shreve (1991), we know that the local martingale {

∫ t
0
π (s)
S0(s)

d
W0(s) : 0 ≤ t ≤ T } is a martingale. Therefore,

E0

[
X(t)
S0(t)

−

∫ t

0

dΓ (s)
S0(s)

]
= x. (A.9)

Based on Eq. (A.9), Lemma A.1 and Lemma 3.5.3 of Karatzas and
Shreve (1991), we have

E
[∫ t

0
ξs(B(s) − c(s)I(s)L(s))ds + ξtX(t)

]
= x, (A.10)

for ∀t ∈ [0, T ]. Letting t = T completes the proof. □
Appendix B. Proof of Proposition 3.2

To prove Proposition 3.2, we need to estimate L ≜ {L(t) : 0 ≤

t ≤ T }.

Lemma B.1. For any q > 1,

E
(

sup
0≤t≤T

|L(t)|2
)q

< ∞.

roof. As the proof is the same as the one of Lemma A.2, we omit
t. □

Define a P-martingale M = {M(t) : 0 ≤ t ≤ T } as follows:

(t) ≜ E
[
−

∫ T

0
ξtdΓ (t) + ξTη

⏐⏐Ft

]
, (B.1)

ith M(0) = x. Based on the definition of A(x) (see Section 2.3),
emma B.1 and Eξ 2T η

2 < ∞, we have

|M(t)|2 = E
[
(−
∫ t

0
ξs(B(s) − c(s)I(s)L(s))ds + ξTη)2

]
≤ K

(
E
[∫ t

0
ξs(B(s) − c(s)I(s)L(s))ds

]2
+ Eξ 2T η

2

)

≤ K1 + K2E
∫ T

0
|c(s)|2|L(s)|2ds + Eξ 2T η

2

≤ K1 + Eξ 2T η
2
+ K3

{
E
(

sup
0≤t≤T

|L(t)|2
)q} 1

q

·

{
E
(∫ T

0
|c(t)|2dt

)p} 1
q

< ∞.

As such, M is a square-integrable martingale. Based on Theorem
3.4.15 of Karatzas and Shreve (1991), it follows that there exists
ϕ = {ϕ(t) : 0 ≤ t ≤ T } satisfying∫ T

0
|ϕ(t)|2dt < ∞,

nd

(t) = x +

∫ t

0
ϕ(s)dWs.

efine

(t) ≜ S0(t)
1

Z(t)
[M(t) +

∫ t

0
ξsdΓ (s)].

By Itô’s formula,

d(
Y (t)
S0(t)

) −
dΓ (t)
S0(t)

=
ϕ(t) + κN(t)

Z(t)
dW0(t), (B.2)

where

N(t) ≜ M(t) +

∫ t

0
ξsdΓ (s).

From the estimation of E|M(t)|2, we know

sup
0≤t≤T

{
E|M(t)|2

}
< ∞,

sup
0≤t≤T

{
E
(∫ t

0
ξsdΓ (s)

)2}
< ∞.

herefore,(∫ T

|N(t)|2dt
)
< ∞.
0
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Using Eqs. (A.7), (A.8), (B.1) and (B.2), we conclude X x,c,π (t) =

(t), where

(t) ≜
1
σξt

(κN(t) + ϕ(t)).

The remainder of the work is to prove that π satisfies Eq. (2.5).
Using Lemma A.2, we have

E0

(∫ T

0
|π (t)|2dt

)1/2
≤ CE

[
ξT

(
sup

0≤t≤T

1
ξ 2t

)1/2

·

(∫ T

0
(N2(t) + ϕ2(t))dt

)1/2]

≤ C ′

{
Eξ 4T

} 1
4

·

{
E
(

sup
0≤t≤T

ξ−2
t

)2} 1
4

·

{
E
(∫ T

0
(N2(t) + ϕ2(t))dt

)} 1
2

< ∞,

thus the proof follows. □

Appendix C. Proofs of Lemma 3.3 and Eq. (3.10)

Based on the definition of X x,c,η and X̂ x̂,ĉ,η (see Eqs. (3.6) and
(3.8)), and Lemma C.1, we have

ξtX x,c,η(t) =E
[∫ T

t
ξs(B(s) − c(s)I(s)L(s))ds + ξTη|Ft

]
=E

[
−

∫ T

t
ξsĉ(s)I(s)L(s)ds −

∫ T

t
ξsψ(s)I(s)L(s)ds

+ξTη +

∫ T

t
ξsB(s)ds|Ft

]
=E

[
−

∫ T

t
ξ̂sĉ(s)I(s)L(s)ds − ν

×

∫ T

t

∫ s

0
e(ν−γ )(s−u)ĉ(u)ξsI(s)L(s)duds

−ψ0

∫ T

t
e(ν−γ )sξsI(s)L(s)ds + ξTη +

∫ T

t
ξsB(s)ds|Ft

]
=E

[
−

∫ T

t

(
ξsI(s)L(s) + ν

∫ T

s
e(ν−γ )(u−s)ξuI(u)L(u)du

)
× ĉ(s)

−

(∫ T

t
e(ν−γ )sξsI(s)L(s)ds

)
×

(
ψ0 + ν

∫ t

0
e(γ−ν)uĉ(u)du

)
+ξTη +

∫ T

t
ξsB(s)ds|Ft

]
=E

[
−

∫ T

t
ξ̂sĉ(s)ds + ξTη|Ft

]
+ E

[∫ T

t
ξsB(s)ds|Ft

]
− E

[∫ T

t
e(ν−γ )sξsI(s)L(s)ds|Ft

]
ψ(t)e(γ−ν)t ,

which is exactly the result of Lemma 3.3. By some simple calcu-
lations,

E
[∫ T

t
ξsI(s)L(s) e−(γ−ν)sds|Ft

]
= E

[∫ T

e−as−κWs+bs+βWs−(γ−ν)sI(s)ds|Ft

]

t

= eβWt−κWt

[∫ T

t
e(b−a−γ+ν)sI(s)E(e(β−κ)(Ws−Wt ))ds

]
= eβWt−κWt

[∫ T

t
e(b−a−γ+ν+ 1

2 σ̄
2)sI(s)ds

]
e−

1
2 σ̄

2t ,

and

E
[∫ T

t
ξsB(s)ds|Ft

]
= e−κWt

∫ T

t
e−asEe−κ(Ws−Wt )B(s)ds

= e−
1
2 κ

2
−κWt

∫ T

t
e(−a+ 1

2 κ
2)sB(s)ds

= e−
1
2 κ

2
−κWt

∫ T

t
e−rsB(s)ds.

Plugging the two equations back to (3.9) leads to the validity of
Eq. (3.10). □

Lemma C.1. Let g be any F-adapted non-negative process, then

E
[∫ T

t

∫ T

s
g(u)duds|Ft

]
= E

[∫ T

t
E[

∫ T

s
g(u)du|Fs]ds|Ft

]
.

roof. Because g ≥ 0, taking A ∈ Ft , using Fubini theorem and
t ⊂ Fs,∀t ≤ s, we have

A

∫ T

t

∫ T

s
g(u)dudsP(dω) =

∫ T

t

[∫
A
(
∫ T

s
g(u)du)P(dω)

]
ds

=

∫ T

t

[∫
A
(E[

∫ T

s
g(u)du|Fs])P(dω)

]
ds

=

∫
A

∫ T

t
E[

∫ T

s
g(u)du|Fs]ds. □

ppendix D. Proofs of Proposition 3.4 and Theorem 3.5

roof of Proposition 3.4. For any pair (c, η) that satisfies con-
traint (3.12), we have[∫ T

0
U1(ĉ(t))dt + U2(η)

]
= E

[∫ T

0
[U1(ĉ(t)) + yξ̂t ĉ(t)]dt + U2(η) − yξTη

]
+ yx̂

≥ E
[∫ T

0
[U1(ĉ∗(t)) + yξ̂t ĉ∗(t)]dt + U2(η∗) − yξTη∗

]
+ yx̂

= E
[∫ T

0
U1(ĉ∗(t))dt + U2(η∗)

]
,

here we do not require y > 0 because that constraint (3.12)
olds as equality, and the argument above is still valid. □

roof of Theorem 3.5. The optimality of c∗ is derived from
ropositions 3.1, 3.2 and 3.4. After finding optimal η∗ of Problem
3.11), which is in Eq. (3.16) with y replaced by Y(x̂), there exists
n optimal π∗ that satisfies X x,c∗,π∗

(t) = X x,c∗,η∗

(t) (see Eq. (3.6))
ased on Proposition 3.2. By Eq. (3.10), the remainder of this work
s to calculate X̂ x̂,ĉ,η from Eq. (3.8). More precisely, we have

t̂ X̂ x̂,ĉ,η(t) = E
[
−

∫ T

t
ξ̂sĉ∗(s)ds + ξTη|Ft

]
= E

[
Y(x̂)
2λ

∫ T

t
e2(β−κ)WsG2(s)ersds + ξT xerT

+
Y(x̂)ξ 2T x

2

−3rT |Ft

]

2(1 − λ)e
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X

w
t

(

B

(

=
Y(x̂)e2(β−κ)Wt−2σ̄2t

2λ

∫ T

t
e(2σ̄

2
+r)sG2(s)ds + xert−at−κWt

+
Y(x̂)x2

2(1 − λ)
e(κ

2
+r)T−2κ2t−2κWt ,

where

E[ξT |Ft ] = e−rTZ(t) = e−rT+rtξt ,

and

E[ξ 2T |Ft ] = e−2aT+2κ2T−2κ2t−2κWt .

Plugging this result back into Eq. (3.10), we derive the expression
of X∗ in Theorem 3.5. To establish the optimal policy π∗, we take
the derivative on (3.19) and concentrate on term Wt . Noting that
u4 : [0, T ] × R × Ω → R is a random field, we apply the
generalized Itô–Kunita–Wentzell formula (cf. Kunita (1990)):

dX(t) = Rdt − κ(u1 + u3)dWt + (2βu1 + βu4)dWt , (D.1)

where

R = ∂t (
5∑

i=1

ui) + ∂yy(u1 + u3 + u4).

Comparing (D.1) with SDE (2.2), we have∫ t

0
Rds+

∫ t

0
(−κ(u1 +u3)−σπ (s))dWs +

∫ t

0
β(2u1 +u4)dWs = 0.

(D.2)

Based on the fact that any continuous L2 martingale, except for
the constant case, cannot have bounded first-order variation (see
Problem 1.5.12 of Karatzas and Shreve (1991)), we have

M ≡ 0,

where

M =

{
M(t) ≜

∫ t

0
(−κ(u1+u3)−σπ (s)+β(2u1+u4))dWs, 0 ≤ t ≤ T

}
is P-martingale. As such, < M >t≡ 0 leads to

(−κ(u1 + u3) − σπ (s) + β(2u1 + u4))2 ≡ 0. (D.3)

Thus the proof follows. □

Appendix E. Proof of Theorem 3.6

To prove Theorem 3.6 for Case 2, we need the following
Lemmas E.1 and E.2.

Lemma E.1. For X ∗

2 defined by Eq. (3.25), we have

lim
y→∞

X ∗

2 (y) = ∞; lim
y→0+

X ∗

2 (y) = 0.

Proof. On the one hand, as η1(y) ≥ ε0 is valid for some constant
ε0 > 0, we have η1(y)y → ∞ as y → ∞. The first term in the
expression of X ∗

2 is non-negative, as such, X ∗

2 (y) → ∞ as y → ∞.
On the other hand, because η1(y) is bounded for y > 0, we have
η1(y)y → 0 as y → 0+. Additionally, J1(t, y) → ∞ for any t .
Thus, by using Dominated convergence theorem, the first term in
X ∗

2 tends to 0. □

Lemma E.2. Suppose

2λC >
∫ T

0
e(2σ̄

2
+r)tG2(t)dt, (E.1)

x2e2κ
2T−2aT+3rT

. Then X ∗ is strictly increasing on (0,∞).
where C ≜ 2(1−λ) 2
Proof. For simplicity, we rewrite X ∗

2 (y) as follows (see Eqs. (3.23),
(3.24) and the definition of H(t, y)):

∗

2 (y) = ψ0

∫ T

0
A1(t)(1 −Φ(B1(t) − log y))dt

+ y(C(λ) +

∫ T

0
A2(t)Φ(B2(t) − log y)dt),

here A1(t) = e(σ̄
2/2−γ )tG(t) and A2(t) = e(2σ̄

2
+r)tG2(t). Differen-

iating X ∗

2 (y) with respect to y, we have

X ∗

2 (y))
′
=ψ0

[∫ T

0
A1(t)ϕ(B1(t) − log y)dt

]
/y + C

+

∫ T

0
A2(t) [Φ(B2(t) − log y) − ϕ(B2(t) − log y)] dt.

y (E.1),

X ∗

2 (y))
′
≥ C −

∫ T

0
A2(t)ϕ(B2(t) − log y)dt

≥ C −
1
2λ

∫ T

0
e(2σ̄

2
+r)tG2(t)dt > 0.

Thus,

(X ∗

2 )
′ > 0.

This leads to the desired conclusion. □

Now we prove Theorem 3.6. Based on Lemmas E.1 and E.2, we
define the inverse function Y2. Because the proof of Theorem 3.6
is almost the same as that of Theorem 3.5, we present the sketch
of the proof here:
(1) As the optimality of ĉ∗ in Problem (3.11) is easily proved, the
optimality of c∗ in Theorem 3.6 follows.
(2) Finding X∗. The X∗ is obtained from Eq. (3.10) and the follow-
ing expression of X̂ x,c∗,η∗

:

ξ̂t X̂ x̂,ĉ,η∗

(t) = E
[
−

∫ T

t
ξ̂sĉ∗(s)ds + ξTη

∗
|Ft

]
= E

[
Y2(x̂)
2λ

∫ T

t
e2(β−κ)WsG2(s)ersI

{ξ̂s≤
2λψ0e

−(γ+r)t
y }

ds

+ ψ0

∫ T

t
e(β−κ)Ws−γ s+rsG(s)I

{ξ̂s>
2λψ0e

−(γ+r)t
y }

ds

+ξT xerT +
Y2(x̂)ξ 2T x

2

2(1 − λ)e−3rT |Ft

]
=

Y2(x̂)
2λ

e2(β−κ)Wt−2σ̄2t

×

∫ T

t
e(r+2σ̄2)sG2(s)Φ(J2(s, t,Y2(x̂)))ds

+ ψ0e(β−κ)Wt−σ̄2t/2

×

∫ T

t
e(σ̄

2/2−γ )sG(s)(1 −Φ(J1(s, t,Y2(x̂))))ds

+
Y(x̂)x2

2(1 − λ)
e(κ

2
+r)T−2κ2t−2κWt .

(3) Taking derivatives on both sides of Eq. (3.28) and compar-
ing with Eq. (2.2) give π∗. The proof follows (see the proof of
Theorem 3.5 in Appendix D for details). □
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