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Abstract. In asset return predictability, realized returns and future expected returns tend
to move in opposite directions. This generates a tension between tax- and market-timing
incentives. In this study, a portfolio choice problem in the presence of both return pre-
dictability and capital gains tax is examined. We characterize various features of the optimal
trading strategy, and demonstrate that the optimal strategy helps mitigate the tension be-
tween market- and tax-timing. The calibrated model suggests that return predictability can
significantly increase both the utility loss due to capital gains tax and the value of deferring
capital gains realization. Overall, our results suggest that the nature of the asset return process
can have important implications for the welfare effects of capital gains tax.
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1. Introduction
Many empirical studies have documented predictable
variations in equity returns.1 The literature finds that
exploiting thesevariations through“market-timing”—that is,
choosing the proper time to increase or to reduce market
risk exposure—can generate handsomeprofits.2However,
for most individual investors, selling or purchasing asset
shares as responses tomarket-timing incentives can have
immediate or future tax consequences. Given typical tax
rates of between 10% and 40%, capital gains taxes can
substantially reduce net profits. Therefore, conducting
“tax-timing”—that is, choosing the proper time to re-
alize capital gains or losses—is also crucial for suc-
cessful investments.

However, jointly timing market returns and capital
gains tax is a nontrivial task because market- and tax-
timing incentives are not generally aligned. The tension
between market- and tax-timing stems from the empir-
ically found negative correlations between the shocks on
asset prices and on asset return predictors.3 If an asset’s
price experiences positive shocks, an investment on this
asset is likely to generate capital gains; responding to
the tax-timing incentive thenmeans deferring realization
of such gains to earn the time value of taxes. Shocks on
the return predictor are negatively correlated with shocks
on price, so the expected future return of this asset is likely
to be reduced. Thus, responding to the market-timing
incentive means reducing the exposure to this asset by

selling shares—that is, realizing gains. The investor must
thus choose between “to sell” or “not to sell” by carefully
trading off the benefit of deferring capital gains tax and
the cost of over-investing in states with low expected
returns.
Although portfolio selection problems with either

market- or tax-timing incentives have been extensively
studied in the literature, the interaction between these
two timing incentives and the resultant economic im-
plications have not yet been examined. To the best
of our knowledge, this study is the first to examine the
joint timing of expected returns and capital gains tax.
We specifically consider a portfolio choice problem

of a small investor whose trading activities have no
price impact. The investor dynamically allocates her
wealth between a risky asset (stock) and a riskless asset
(bond) to maximize the expected utility she derives
from the net wealth level at some finite horizon. We
assume that the stock’s expected returns are time
varying and are predicted by an economic variable.4

Thus, the investor has amarket-timing incentive to take
advantage of the time-varying investment opportuni-
ties. The investor is also subject to capital gains tax
when she sells stock shares. Therefore, she also has a
tax-timing incentive to defer gains realization so she
can earn the time value of taxes.
We calibrate the model to the U.S. stock market data,

using the dividend yield as the predictor of stock
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market returns. We solve the model numerically and
examine the following questions: How should the in-
vestor optimally respond to her market- and tax-timing
incentives, and how does she mitigate the aforemen-
tioned tension between them? How does the return
predictability affect the investor’s utility loss due to
capital gains tax and the economic value of deferring
capital gains realization?

We show that the optimal trading policy exhibits
market- and tax-timing simultaneously. In the absence
of capital gains tax, the investor has a target exposure to
the stock, which depends on the calendar time and the
value of the return predictor. This target exposure in-
creases in the return predictor (hence in the expected
return), revealing the investor’s market-timing incentive.
Without capital gains tax, the investor continuously
rebalances her portfolio so that she always maintains
the target exposure to the stock.5 In the presence of
capital gains tax, the investor also has a target exposure
that increases in the return predictor.6 However, with
capital gains tax, the investor will significantly defer the
timing of capital gains realization, provided that her
stock exposure does not deviate excessively from the
target exposure. Such deferral allows the investor to earn
the time value of taxes. This effect is different from that of
the transaction cost, which reduces the trading frequency
no matter whether the investor has gains or losses.7

To understand how the optimal policy mitigates the
tension between market- and tax-timing, we compare
the optimal policy to a myopic policy, which is obtained
by incorrectly assuming all future expected returns are
equal to the current instantaneous expected return. We
find that the optimal policy implies a much lower fre-
quency of gains realization. The myopic policy leads the
investor to respond to the changes in the expected return
too actively; thus, she realizes gains too often when the
expected return drops. We also find that the investor’s
certainty equivalentwealth loss fromadopting themyopic
policy can be as high as 5% of her initial wealth.

We find that the presence of return predictability can
significantly increase the magnitude of the investor’s
utility loss due to capital gains tax, for the following
reasons. First, the demand for hedging against corre-
lated future changes in stock price and in the return
predictor increases the amount of stock investment,
and hence the investor is likely to incur heavier tax bills.
Second, due to the aforementioned negative correlation
between price shocks and predictor shocks, capital gains
status is likely to be reached in states with low expected
future returns. Therefore, deferring capital gains reali-
zation can impose additional cost on the investor by
resulting in over-investment in states with low expected
returns. The second effect is absent in the model without
return predictability. Importantly,we show that this result
is robust to the inclusion of stock transaction cost.

In the presence of capital gains tax, the investor has
an option to defer capital gains realization and earn the
time value of taxes.8 This option’s value is termed the value
of tax deferral. As previously argued, deferring capital
gains tax may result in over-investment in periods with
low expected returns, and hence may weaken the ef-
ficiency of market-timing. The investor may then have
a weaker incentive to defer gains realization. Does this
imply a smaller value of tax deferral? Interestingly, we
find that return predictability increases the value of tax
deferral. This initially surprising result is first because the
hedging demand induced by return predictability in-
creases the investor’s stock investment, and the tax-deferral
option thus enables her to earn more time value of taxes.
Second, when the investor demands more leverage
under a binding borrowing constraint, deferring capital
gains tax can provide extra benefit by increasing the
leverage ratio of the investor’s portfolio.
Our results on the utility loss due to capital gains tax

and on the value of tax deferral have implication for the
well-known “asset location puzzle”—that is, the phe-
nomenon that many investors hold both bonds and
stocks in their taxable and tax-deferred accounts (see
Amromin 2003). The literature argues that this location
rule is tax inefficient, as the interests of bonds are usually
taxed heavier than the capital gains earned from stocks.9

Our analyses imply that if the benefits of timing the return
in a tax-deferred account exceed the costs of holding
bonds in a taxable account, the investor may rationally
locate stocks in the tax-deferred account and bonds in
the taxable account. Of course, formally establishing
this argument requires a much more complicated
model in which the investor can also locate assets in
a tax-deferred account.
We also discuss extensions of our baseline model. As

the tension betweenmarket- and tax-timing is inherently
implied by the negative correlation between price shocks
and predictor shocks, the main results are still likely to
hold when we include intertemporal consumption, or
the asymmetric taxation of long- and short-term gains
as stipulated byU.S. tax codes, in our investor’s problem.
In reality, the strength of return predictability may

vary over time. Fully incorporating this feature is be-
yond the scope of this study. The innovative argument
here is that asset return predictability can significantly
increase the magnitude of both the loss from being
subject to capital gains tax and the gain from optimally
exercising the tax-timing option. Our analysis thus dem-
onstrates that capital gains tax can have very different
implications during periods with strong return pre-
dictability than in those with weak return predictability.
Our framework also allows us to examine the interaction

between market- and tax-timing under other interest-
ing circumstances. For example, the tax codes in the
United States stipulate that on the death of an inheritee,
the “step-up” provision allows the beneficiary to reset
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the cost-basis of inherited assets to their current prices,
so the inheritee’s tax liability is waived. If the inheritee’s
objective is to maximize her beneficiary’s utility, an
intuitive strategy is to simply realize all losses and defer
all gains.10 However, with time-varying expected return,
deferring all gains unconditionally may result in over-
investment in stock during periods with low expected
returns. Thus, implementing this strategy can be costly.
We provide a quantitative assessment of the mag-
nitude of such cost and show that market-timing can
still be valuable even when the investor has a strong tax-
deferral incentive induced by the step-up provision.

2. Related Literature
Our study is primarily relevant to two areas in the
literature: portfolio selection with return predictability,
and portfolio selection with capital gains tax.

2.1. Portfolio Selection with Return Predictability
Campbell and Viceira (1999), Barberis (2000), and Lynch
(2001) examine the implications of return predictability
for portfolio selection in discrete-time settings. They
find that return predictability can induce hedging demand
that drives the investor’s optimal policy away from the
myopic policy. Using a continuous-time model, Xia
(2001) examines the effect of uncertainty on the slope
of predictive regression and finds that such uncertainty
may significantly weaken the investor’s incentive to
respond to changes in estimated expected returns. These
studies, however, generally assume frictionless markets.
Lynch and Tan (2010) extend Lynch (2001) to a case with
two stocks and transaction costs. Other more recent
studies include those of Branger et al. (2013), Garleanu
and Pedersen (2013), Tsai andWu (2015), andMoallemi
and Saglam (2017).

2.2. Portfolio Selection with Capital Gains Tax
Constantinides (1983, 1984), Dybvig and Koo (1996),
andDeMiguel andUppal (2005) study portfolio selection
problems with capital gains tax in discrete-time frame-
works under an exact cost basis system. However, they
are only able to solve the problems for a very limited
number of time steps, because of the strong path de-
pendency of the exact cost basis system. Dammon et al.
(2001, 2004) overcome this difficulty by introducing an
average cost basis system, which allows them to solve
the model with many time steps. The average cost basis
system proves to be a good approximation of the exact
cost basis system.11 Marekwica (2012) and Ehling et al.
(2013) further account for the limited use of losses to
claim a rebate, as stipulated by the U.S. tax code. Ben
Tahar et al. (2007, 2010) formulate a continuous-time
version of the model proposed in Dammon et al. (2001),
while Dai et al. (2015) extend thework of Ben Tahar et al.
(2010) to incorporate the important asymmetry between
tax rates for long- and short-term investments.

The above-mentioned studies assume constant invest-
ment opportunity sets. Cai et al. (2018) extend the work
of Ben Tahar et al. (2007, 2010) to a two-state regime
switching model, in which the stock market randomly
switches between a bull regime and a bear regime.
Nonetheless, their model assumes a null correlation
between changes in the asset price and in the investment
opportunity set, and thus does not capture the empiri-
cally documented negative correlation between these
changes.

2.3. This Paper
Our study differs from those discussed above by si-
multaneously considering the effect of return predict-
ability and capital gains tax on portfolio selection.
Importantly, our model captures the negative relation
between changes in price and in expected return, which
causes a significant tension between market- and tax-
timing incentives.

3. The Model
In this section we present a framework for examining
how an investor makes portfolio choice decisions in
the presence of asset return predictability and capital
gains tax.

3.1. Basic Setup
3.1.1. Assets Market. We assume that time is contin-
uously indexed by t ≥ 0. The investment opportunity
set includes a riskless bond that offers a constant after-
tax interest rate of r ≥ 0, and a risky stock12 whose cum-
dividend value St is assumed to follow

dSt
St

� (μ0 + μ1(zt − η))dt + σSdBS
t , (1)

where zt is a variable that predicts the stock’s expected
returns, η is the long-term mean of zt, μ1 is the loading
of the stock’s expected returns on zt, μ0 is the stock’s
long-term average return, and σS is the stock’s return
volatility. We assume that zt follows a mean-reverting
Ornstein–Uhlenbeck process

dzt � g1(η − zt)dt + σzdBz
t , (2)

where g1 > 0 is the predictor’smean-reverting speed and
σz is the predictor’s volatility. In Equations (1) and (2),
(BS

t ,B
z
t ) is a two-dimensional Brownian motion, defined

on a complete probability space (Ω,^,P), with a con-
stant correlation coefficient ρ ∈ [−1, 1]; other parame-
ters are all assumed to be constant.
We consider a small investor whose trading activities

have no price impact. We assume the investor will
incur capital gains taxes that are proportional to the
amount of realized capital gains or losses when she
sells stock shares. In the United States, the amount of
realized gains or losses is determined by the exact
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price at which shares are sold and the exact past price
at which sold shares were purchased. To maintain
tractability, we approximate this exact cost basis by
the average cost basis of the current stock position, as
is commonly applied in the literature.13 Therefore, the
amount of realized gains or losses is calculated by
subtracting the weighted average purchase price of the
current stock holding from the actual sale price.

When selling stock with a loss, the investor is eligible
for a capital loss rebate. We follow Dai et al. (2015) and
consider two simplified cases: the full rebate (FR) case
and the full carry-forward (FC) case. In the FR case, the
investor can claim full rebates on her capital losses; in the
FC case, losses can only be carried forward to offset future
capital gains. Therefore, capital gains and losses are treated
symmetrically (asymmetrically) in the FR (FC) case.14

In addition to capital gains tax, we assume that
trading the stock is subject to transaction costs, which
are proportional to the amount to transact. We assume
a constant transaction cost rate of θ ∈ [0,∞) for pur-
chase and α ∈ [0, 1) for sale.
3.1.2. The Investor’s Problem. The investor’s objective
is to maximize the expected utility she derives from the
net wealth level at some finite horizon. Specifically, let
xt be the dollar amount invested in the bond, yt be the
dollar amount invested in the stock, and kt be the total
cost basis of the stock holding. We then have the fol-
lowing budget constraints:

dxt � rxt−dt − (1 + θ)dIt + f (0, yt−, kt−; l)dMt, (3)

dyt � (μ0 + μ1(zt− − η))yt−dt + σSyt−dBS
t + dIt − yt−dMt,

(4)
dkt � (1 + θ)dIt − kt−dMt + l kt− − (1 − α)yt−( )+ dMt, (5)

where Mt and It are nondecreasing processes, with 0 ≤
dMt ≤ 1 representing the fraction of the current stock
position that is sold, and dIt ≥ 0 representing the dollar
amount of new stock shares purchased, both at time t;
and

f (xt, yt, kt; l) � xt + (1 − α)yt − τ [(1 − l)((1 − α)yt − kt)
+ l((1 − α)yt − kt)+]

(6)

is the investor’s net wealth at time t, assuming a capital
gains tax rate of τ. l is a parameter indicating the capital
losses rebate rule: l � 0 or 1 corresponds to the FR case
or the FC case, respectively.15

The investor’s objective is to choose the optimal
trading strategy (I∗t ,M∗

t) to maximize the expected utility
she derives from the net wealth level at finite horizon
T> 0; that is,

max
It,Mt

E [u( f (xT, yT, kT; l))], (7)

where

u(W) � 1
1 − γ

W1−γ (8)

is the investor’s constant relative risk aversion (CRRA)
utility function, and γ> 0 with γ �� 1 is the relative risk-
aversion coefficient. Consistent with most literature on
portfolio selection with capital gains taxes, dMt ≤ 1
implies that the investor is subject to the no-short-selling
constraint yt ≥ 0. As most investors voluntarily refrain
from using a high leverage ratio, we also impose the no-
borrowing constraint xt ≥ 0. It then follows that the
investor is always solvent—that is, f (xt, yt, kt; l) ≥ 0 for
all t.16

3.2. The Hamilton–Jacobi–Bellman (HJB) Equation
In this subsection, we characterize the solution to the
investor’s problem. As the presence of capital gains tax
renders the market incomplete, we take the dynamic
programming approach and define the value function
as follows

J(x, y, k, z, t) � max
(Is,Ms):s≥t

Et [u( f (xT, yT, kT; l))], (9)

where the expectation is conditional on the information
available at time t. Under the assumption of sufficient
regularity, J(x, y, k, z, t) must satisfy the HJB equation

max +J + ∂tJ, @J, 6J{ } � 0 (10)

on the domain Ω � {(x, y, k, z, t) : x ∈ [0,∞), y ∈ [0,∞),
k ∈ [0,∞), z ∈ (−∞,∞), t ∈ [0,T]}, with the terminal
condition

J(x, y, k, z,T) � u( f (x, y, k; l)). (11)

The differential operators in Equation (10) are given by

+J � rx∂xJ + (μ0 + μ1(z − η))y∂yJ + 1
2
σ2Sy

2∂yyJ

+ g1(η − z)∂zJ + 1
2
σ2z∂zzJ + ρσSσzy∂yzJ, (12)

@J � −(1 + θ)∂xJ + ∂yJ + (1 + θ)∂kJ, (13)

and

6J � f (0, y, k; l)∂xJ − y∂yJ + (l(k − (1 − α)y)+ − k)∂kJ,
(14)

respectively, where ∂t denotes partial derivative with
respect to t, etc.
A heuristic derivation of Equation (10) is presented in

Appendix A.1.1. The solution to Equation (10) splits the
domain Ω into three parts: a buy region where @J � 0
holds; a sell region where 6J � 0 holds; and a no-
transaction region where +J + ∂tJ � 0 holds. Detailed
characterizations of these regions, and of the optimal
trading strategies, are given in the next section.
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Our model does not allow for a closed-form solution.
To solve it numerically, we reduce its dimensionality
by exploiting the homogeneity of the utility function (8)
and the linearity of dynamics (3)–(5). We relegate
a detailed analysis to Appendix A.1. The reduced HJB
equation is then solved by a standard finite-differences
method.

4. Model Implications
4.1. Data and Model Calibration
Our main aims are to characterize the optimal trading
strategy that jointly times market returns and capital
gains tax, and to examine the implications of such joint
timing. We first provide an empirical calibration of
our model.

The risk-free rate r is approximated by the average
historical yields of treasury bills matured in exactly one
year, after adjusting for taxes.17 We exploit the docu-
mented predictive power of dividend yield to calibrate
the parameters in Equations (1) and (2).18We obtain the
monthly returns of the U.S. weighted-average market
index from January 1950 to December 2016 from CRSP.
The data allows us to factor out the time series of dividend
yield.19 The mean and standard deviation of the return
series are used as estimates of μ0 and σS, respectively.
Other parameters are estimated through a VAR re-
gression, with details presented in Appendix A.2.

We obtain the following parameter values: risk-free
rate r � 0.031, long-term expected return μ0 � 0.116,
slope parameter μ1 � 4.397, volatility of stock returns
σS � 0.147, average dividend yield η � 0.026, mean
reversion speed g1 � 0.141, volatility of dividend yield
σz � 0.005, and correlation between return shocks and
dividend yield shocks ρ � −0.895.20 As we demonstrate

in later sections, this negative correlation between return
shocks and predictor shocks has important implications.
We set the investor’s relative risk aversion coefficient

to γ � 6, and her investment horizon to T � 10 years.
We assume a capital gains tax rate of τ � 0.25, which is
close to the average capital gains tax rate of long- and
short-term investments for middle-class investors in
the United States. In the baseline case, we exclusively
focus on the joint effect of return predictability and
capital gains tax by assuming zero transaction cost
rates—that is, α � θ � 0.21 Unless otherwise stated, we
assume the initial value of the predictor equals its long-
termmean—that is, z0 � η � 0.026. Table 1 summarizes
the baseline parameter values.
We examine the effect of return predictability by

comparing the baselinemodelwith a benchmarkmodel
in which return predictability is eliminated by setting
μ1 � 0.

4.2. Optimal Trading Policies
In this subsection, we characterize the investor’s op-
timal trading policy.

4.2.1. Optimal Policywith Return Predictability Only. We
first examine the optimal policy with return predictability
but without capital gains tax.22 We show in Figure 1(a)
the optimal stock allocation at time t � 5 as a function of
the return predictor z − η (the solid line). For comparison,
we also show, by the dashed line, the myopic stock
allocation after accounting for the no-borrowing and
no-short-selling constraints, which is given by

π0(z, t) � min 1,
μ0 + μ1(z − η) − r

γσ2S

( )+{ }
. (15)

Table 1. Baseline Calibration

Parameter Symbol Baseline value

Investment horizon (years) T 10
Relative risk-aversion coefficient γ 6
Tax-adjusted risk-free rate r 0.031
Long-term average return of the stock μ0 0.116
Loading on the predictive variable μ1 4.397
Volatility of stock returns σS 0.147
Average dividend yield η 0.026
Mean reverting speed of the predictor g1 0.141
Volatility of the predictor σz 0.005
Correlation between return shocks and predictor shocks ρ −0.895
Capital gains tax rate τ 0.25
Transaction cost rate for sale α 0
Transaction cost rate for purchase θ 0
Initial value of return predictor z0 0.026

Notes. This table summarizes our baseline parameter values. The model is calibrated to the historical returns of the value-
weighted market index in the United States from January 1950 to December 2016. We use dividend yield as the unique return
predictor. The risk-free rate is approximated by the average value of the after-tax yields of treasury bills with a constantmaturity
of one year.
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As a larger value of z implies a higher instantaneous
expected return of the stock, both the optimal allocation
and the myopic allocation increase with z. However,
these two policies do not in general coincide. Under the
baseline calibration, the investor desires larger exposure
to the stock if she adopted the optimal policy rather than
the myopic policy. As argued in the literature, the
difference between these two policies stems from the
demand for hedging against correlated future changes
in stock price and in the return predictor.23

We show in Figure 1(b) how the optimal allocation
and the myopic allocation change with the calendar
time t, assuming the return predictor stays at its long-
termmean value—that is, z � η. This shows that as time
approaches the final horizon, the hedging demand
gradually vanishes and the optimal allocation con-
verges to the myopic allocation.

4.2.2. Optimal Policy with Capital Gains Tax Only. Next
we analyze the optimal trading policy in the presence
of capital gains tax, but assuming the stock’s expected
return is constant. In Figure 2, we plot the sell region
(signified by “SR”), the buy region (signified by “BR”),
and the no-transaction region (signified by “NTR”)
at time t � 5 in the FR case.24 The horizontal axis
and the vertical axis are the basis-price ratio b ≡ k

(1−α)y
and the fraction of wealth invested in stock π ≡ y

x+y ,
respectively. When the investor has capital gains
(i.e., b< 1) and when the fraction of wealth in stock
is large (small, resp.) enough to enter the sell region
(the buy region, resp.), the investor sells (buys,
resp.) a minimal amount of the stock so that the stock
allocation is pushed back to the no-transaction region

again, as signified by the arrow from A to B (C to D,
resp.). When the fraction of wealth in stock lies in the
no-transaction region, the investor is better off not
trading the stock, revealing an incentive to defer capital
gains realization. When the investor has capital losses
(i.e., b> 1), she first sells the entire stock position (as sig-
nified by the arrow from E to F) to obtain loss rebate, and
then buys back some shares (as signified by the arrow
from F to G) to rebuild optimal exposure to the stock.25

We show in Figure 3 the optimal trading policy in the
FC case. Similar to the FR case, in the domain of gains
there is a no-transaction region, insidewhich the investor
should not trade the stock. The main difference between

Figure 1. Optimal Allocation with Return Predictability Only

Notes. This figure shows the optimal allocation in the stock with return predictability, but without capital gains tax. Parameter values: T � 10,
γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, and τ � 0.

Figure 2. Optimal Policy with Capital Gains Tax Only: The
FR Case

Notes. Thisfigure shows theoptimal sell andbuyboundarieswith capital
gains tax in the FR case without return predictability. Parameter values:
t� 5, T� 10, γ� 6, r� 0.031, μ0 � 0.116, μ1 � 0, σS � 0.147, g1 � 0.141,
η� 0.026, σz � 0.005, ρ�−0.895, and τ� 0.25.
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the FC case and the FR case is how capital losses are
handled. In the FC case, the investor does not conduct
wash sales because losses are not rebatable. Instead,
she rebalances her portfolio continuously so that the
weight of the stock position stays exactly on the dash–dot
line. In other words, the investor may either sell (e.g.,
from point E to F) or buy (e.g., from point G to H) stock
when she has capital losses, depending on whether her
stock exposure is greater or smaller than the target level.

4.2.3. Optimal Policy with Return Predictability and
Capital Gains Tax. We now examine the optimal trad-
ing policy in the presence of both return predictability
and capital gains tax.
In Figure 4we show two cross-sectional profiles of the

optimal policy in the FR case. In Figure 4(a)–(c), we plot
the optimal policy at time t � 5 for three different values
of return predictor z around its long-term mean η:
z � η − 0.01, z � η, and z � η + 0.01. Similar to the case
without tax, when the value of z increases, the stock’s
instantaneous expected return also increases; hence, the
investor desires larger exposure to the stock. In the
domain of gains (i.e., b< 1) the no-transaction region
thus shifts to the north when the value of z increases.
When the return predictor’s value is sufficiently high, the
domain can be entirely occupied by the buy region
(Figure 4(c)), and the investor desires a 100% allocation
to the stock. These shifts in the location of the no-
transaction region reflect the investor’s market-timing
incentive.
In Figure 4(b), the stock’s instantaneous expected

return equals its long-term mean value μ0. How-
ever, compared with Figure 2, the no-transaction
region clearly shifts to the north, which implies
that the investor desires larger exposure to the
stock. This is due to the hedging demand induced
by return predictability and is consistent with the
pattern observed in Figure 1 when capital gains tax is
absent.

Figure 3. Optimal Policy with Capital Gains Tax Only: The
FC Case

Notes. This figure shows the optimal sell and buy boundaries with
capital gains tax in the FC case without return predictability. Parameter
values: t � 5, T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 0, σS � 0.147,
g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, and τ � 0.25.

Figure 4. Optimal Policy with both Return Predictability and Capital Gains Tax: The FR Case

Notes. This figure shows the optimal trading boundaries in the FR case for three values of the predictive variable z (in the three subfigures on the
top) and for three points in time (in the three subfigures at the bottom). Parameter values: T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397,
σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, and τ � 0.25.
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We show in Figure 4(d)–(f) the time evolution of the
optimal policy, fixing the value of zt at its long-term
mean value η. We plot the snapshots of the trading
regions at t � 1, 5, and 9. Consistent with the decreasing
stock allocation observed in Figure 1(b), the location of
the no-transaction region shifts to the south as time
passes, because the hedging demand gradually vanishes
as time approaches the final horizon.

Similar to the constant expected return case, in the
domain of losses (i.e., b> 1), wash-sale is optimal in
the FR case. The optimal stock exposure rebuilt after
the wash-sale also increases with the instantaneous
expected return.

We show in Figure 5 the optimal policy in the FC
case. The shape of the no-transaction region is quali-
tatively similar to that in the constant expected return
case. In addition, the cross-sectional profiles of the
optimal policy are analogous to those in the FR case.
Specifically, the no-transaction region also shifts to the
north when the predictor’s value increases and shifts to
the south when time approaches the final horizon;
compared with the constant expected return case, the
overall stock exposure is greater because of the hedging
demand induced by return predictability.

The above analyses suggest that the optimal trading
policy simultaneously exhibits a tax-timing component,
a market-timing component, and a demand for hedging
against future changes in stock price and expected returns.
However, as previously argued, there is a tension between

market- and tax-timing, and the optimal policy should
relieve such tension to some extent. To examine this
effect, we compare the optimal policy with a myopic
tax-timing policy, which accounts for the time-varying
expected returns. Specifically, let It(μ) andMt(μ) be the
optimal buying and selling processes in a model with
constant expected return μ, the myopic policy is then
represented by a buying process It(μ0 + μ1(zt − η)) and
a selling process Mt(μ0 + μ1(zt − η)). Put differently,
the myopic policy is obtained by incorrectly assuming
that all future expected returns are equal to the current
instantaneous expected return. By construction, this
myopic policy does not take into account the tension
between market- and tax-timing.
We show in Table 2 the average tax bill incurred and

the frequency of capital gains realization when the
investor adopts either the optimal policy or the myopic
policy. The results are obtained from 10,000 simulated
sample paths. We find that the investor realizes gains
much slower when she adopts the optimal policy. For
example, in the FR case, the investor realizes gains once
every 0.341 years if she adopted the optimal policy, and
this duration reduces to 0.186 years if she adopted the
myopic policy. The myopic policy leads the investor to
respond to the changes in the expected return too ac-
tively and makes her realize gains too often when the
expected return drops. However, the investor incurs
heavier capital gains taxes when she adopts the opti-
mal policy, as the hedging demand embedded in the

Figure 5. Optimal Policy with both Return Predictability and Capital Gains Tax: The FC Case

Notes. This figure shows the optimal trading boundaries in the FC case for three values of the predictive variable z (in the three subfigures on
the top) and for three points in time (in the three subfigures at the bottom). Parameter values: T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397,
σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, and τ � 0.25.
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optimal policy increases the stock allocation. The re-
sults in the FC case are similar to those in the FR case.

As the myopic policy fails to incorporate the hedging
demand and to mitigate the tension between market-
and tax-timing, adopting it is costly. To quantify this cost,
we compute the certainty equivalent wealth loss (CEWL
hereinafter) δ0 from adopting the myopic policy. Spe-
cifically, we solve δ0 from the following equation26

J(1 − δ0, 0, 0, z0, 0) � JM(1, 0, 0, z0, 0), (16)

where JM is the indirect utility generated by the myopic
policy and J is the indirect utility generated by the optimal
policy. Under the baseline calibration, we find that this
CEWL equals 5.1% in the FR case and 4.9% in the FC
case. This demonstrates the economic importance of
making market- and tax-timing decisions jointly.

We also simulate the optimal policy and the myopic
policy using the historical market data in the United
States from January 1950 to December 2016.27 We use
the FR case to demonstrate our points.We furthermake
the following simplifying assumptions: (1) the risk-free
rate is constant (0.031); (2) the tax code does not change
and the tax rate is constant (25%); and (3) all dividend
distributions are reinvested.

We show the results in Figure 6. Figure 6(a) shows
the expected returns in excess of the risk-free rate
predicted by the dividend yield. This suggests large
variations in the expected return over time. Figure 6(b)
shows the equity allocation generated by the optimal
policy (the solid line) and by the myopic policy (the
dashed line). Compared with the optimal allocation,
the myopic allocation varies drastically with respect to
changes in the expected returns, resulting in a highly
volatile exposure to the stock market.

In Figure 6(c), we depict the wealth accumulation
processes generated by the optimal policy and by the
myopic policy, respectively, assuming one dollar is ini-
tially invested in the stock and the bond. We show the
net wealth processes calculated according to (6). Overall,
the wealth path generated by the optimal policy domi-
nates that generated by the myopic policy for the fol-
lowing reasons. First, the investor takes a larger position

in the stock market under the optimal policy, which
generates higher returns by bearing higher risk. Second,
the investor defers more taxes under the optimal policy,
which further increases the leverage ratio of her portfolio
and improves profitability. To confirm this second point,
in Figure 6(d), we depict the cumulative tax bills incurred
by the investor, and find that the investor defers a large
amount of taxes when she adopts the optimal policy. In
contrast, when the investor adopts the myopic policy,
she will incur excessive taxes during early periods in her
investment horizon.

4.3. Utility Loss Due to Capital Gains Tax
The literature has shown that capital gains tax can
significantly reduce investors’welfare (see Poterba 1987).
An obvious reason is that paying taxes reduces net
returns. In the presence of return predictability, the
hedging demand can increase the investor’s stock al-
location and hence the investor will incur heavier tax
bills. The negative correlation between price shocks
and predictor shocks means that the stock’s future
expected return is likely to fall when its price rises
significantly. The investor is then likely to have capital
gains, and the incentive to defer taxes may result in
over-investment during periods with low expected
returns. Additional costs are thus associatedwith capital
gains tax in the presence of return predictability.
In this subsection we quantitatively examine how

return predictability can affect the welfare implication
of capital gains tax. We calculate the CEWL δ1 due to
capital gains tax by solving the following equation

J(1 − δ1, 0, 0, z0, 0; 0) � J(1, 0, 0, z0, 0; τ), (17)

where J(x, y, k, z, t; τ) is the investor’s value function
given a tax rate of τ. In other words, δ1 is the fraction of
initial wealth that the investor would like to forgo in
exchange for a zero tax rate.
In Table 3, we report the results on the CEWL δ1.

Consistentwith our previous intuition, the utility losses
in caseswith return predictability are substantially greater
than those in cases without return predictability. For
example, in the FR case the CEWL can be as large as

Table 2. Simulation of the Optimal and the Myopic Policies

A: The FR case B: The FC case

Optimal Myopic Optimal Myopic

Time between capital gains realizations 0.341 0.186 0.558 0.389
Discounted capital gains taxes 0.336 0.273 0.329 0.257
CEWL from adopting the myopic policy — 0.051 — 0.049

Notes. This table shows the expected discounted capital gains taxes incurred during the entire investment horizon as
a fraction of the investor’s initial wealth, the average duration between capital gains realization, and the CEWL from
adopting themyopic trading policy. These results are obtained from 10,000 simulated sample paths. Baseline parameter
values: T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, τ � 0.25,
and z0 � η � 0.026.
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10.8% when return predictability is present. In com-
parison, the CEWL is 4.6%when return predictability is
absent. Similar results are found in the FC case.

In Table 3, we also report the CEWL for a number of
alternative scenarios. Perhaps the most interesting cases
are those related to return predictability, and thus we
focus our analysis on these. First, the CEWL increases
with the loading parameter μ1. Larger μ1 implies
greater change in the expected return when the predic-
tor’s value changes. The investor must then respond to
such changes more frequently at the cost of incurring
taxes earlier. Second, the CEWL increases with the
volatility of the predictor—that is, σz. A greater vola-
tility implies greater variability of the predictor, and the
mechanisms we described at the beginning of this
subsection become stronger. Third, the CEWL de-
creases with the correlation between the return shocks
and the predictor shocks—that is, ρ. A more nega-
tive correlation implies a stronger tension between tax-
and market-timing, and the investor can only miti-
gate such tension at greater utility cost.

In the base case, we assume a zero transaction cost
rate so we can focus on the interaction between return
predictability and capital gains tax.We also examine an
alternative case with a positive transaction cost rate.28

Interestingly, we find that transaction cost leads to
greater (smaller) CEWL due to capital gains tax in the
FR (FC) case. When we increase the transaction cost

rate from 0 to 0.005, the CEWL increases from 0.108 to
0.113 in the FR case and decreases from 0.120 to 0.116 in
the FC case. We explain this result as follows. In the FR
case, capital gains tax makes gains realization costly
but losses realization beneficial. The major effect of
transaction cost in this case is to reduce the tax benefit
of losses realization by making wash-sales costly. There-
fore, transaction cost leads to a larger cost of taxes. In the
FC case, the investor cannot claim losses rebates. Themain
effect of transaction cost is then to deter gains realization,
which weakens the impact of capital gains tax. Impor-
tantly, the changes in the CEWLs after incorporating
transaction cost are relatively small, which suggests that
our base case analysis with zero transaction cost does not
significantly over-estimate the impact of capital gains tax.
We impose a no-borrowing constraint in the base

case. If this constraint is removed, the investor can
invest more in stock when the expected return is high.
Does this necessarily increase the utility loss due to
capital gains tax? We find that this is not always the
case. Under the baseline calibration, allowing bor-
rowing reduces the CEWL in the FR case from 0.108 to
0.093. This is because the no-borrowing constraint is
more likely to bind in high expected return states, in
which the investor is likely to have capital losses due to
the negative correlation between price shocks and
predictor shocks. Therefore, the main effect of the no-
borrowing constraint is to constrain the amount of

Figure 6. Empirical Simulation

Notes. This figure shows the predicted expected returns, exposures to the stockmarket, the net wealth processes, and the cumulative tax bills for
the optimal trading policy and themyopic trading policy. The simulation uses historical returns of the weighted average U.S. stockmarket index
from January 1950 to December 2016, and assumes constant interest and tax rates over this period. Parameter values: W0 � 1, T � 67, γ � 6,
r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, and τ � 0.25.
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losses rebates the investor can claim, which then makes
capital gains tax more costly. In the FC case, the investor
cannot claim losses rebates, and themain effect of the no-
borrowing constraint is to reduce the amount of taxes by
restraining the amount of stock investment. The removal
of the no-borrowing constraint thus increases the CEWL
from 0.120 to 0.126 in the FC case.

We argue that because of the negative correlation
between price shocks and predictor shocks, there is a
tension between market- and tax-timing. As our model
features a mean-reverting return process, the high current
expected return tends to revert in the future. Could this
also contribute to this tension? We calculate the CEWL
in a case with zero correlation between price shocks
and predictor shocks—that is, ρ � 0—to answer this.
We find that the CEWL in this case is only 0.042 (0.055)
in the FR (FC) case, which is even smaller than that in
the absence of return predictability. The reason is that
in this case there is no hedging demand that will in-
crease the overall stock allocation, and the no-borrowing
constraint reduces the amount of stock investment. This
suggests that the mean-reverting property of the return
process is unlikely to contribute to the tension between
market- and tax-timing.

When we increase the investment horizon T, the
CEWL also increases, in both the cases with or without
return predictability. This result is intuitive because the
investor is likely to incur heavier taxes over a longer
period of time. In the presence of return predictability,

a longer horizon also implies larger cost of over-
investment during low expected return periods when
the investor defers capital gains taxes.

4.4. Value of Tax Deferral
In the presence of capital gains tax, the investor has an
option to defer capital gains realization and earn the
time value of taxes. However, due to the tension be-
tween market- and tax-timing, deferring taxes may
reduce the efficiency of market-timing. Does this make
the tax-deferral option less valuable? We compute the
value of tax deferral (VTD hereinafter) to answer this
question, following the approach proposed in the
literature.29 Specifically, we first calculate the maximal
indirect utility generated by a family of suboptimal
trading strategies that never defer capital gains realization.
Let this indirect utility function be JND(x, y, k, z, t),30 we
then solve VTD with the following equation:

JND(1 + VTD, 0, 0, z0, 0) � J(1, 0, 0, z0, 0). (18)

Put differently, VTD is the fraction of initial wealth that
the investor gains by optimally exercising her tax-
deferral option.
We report the results on VTD in Table 4. Gener-

ally, we find that VTD is greater when return pre-
dictability is present. Under the baseline calibration,
we find that VTD equals 0.017 (0.038) when the
return predictability is absent (present), in the FR
case. The results in the FC case are similar. We explain

Table 3. CEWL Due to Capital Gains Tax

A: The FR case B: The FC case

Without R. P. With R. P. Without R. P. With R. P.

Base case 0.046 0.108 0.060 0.120
μ1 × 0.9 — 0.102 — 0.115
μ1 × 1.1 — 0.112 — 0.124
σz � 0.004 — 0.096 — 0.109
σz � 0.006 — 0.116 — 0.127
ρ � 0 — 0.042 — 0.055
ρ � −0.8 — 0.097 — 0.109
ρ � −0.95 — 0.114 — 0.126
r � 0.02 0.032 0.093 0.050 0.106
r � 0.04 0.056 0.118 0.067 0.130
γ � 4 0.069 0.125 0.087 0.137
γ � 8 0.035 0.089 0.045 0.102
τ � 0.15 0.025 0.063 0.034 0.071
τ � 0.35 0.070 0.155 0.087 0.169
σS � 0.2 0.025 0.046 0.037 0.069
σS � 0.25 0.016 0.025 0.027 0.046
α � θ � 0.005 0.052 0.113 0.059 0.116
Base case with unlimited borrowing 0.046 0.093 0.060 0.126
T � 20 0.076 0.184 0.094 0.200

Notes. This table shows the utility costs accrued to the investor, which is measured by the CEWL due to capital gains tax. We report the results
in both the case without return predictability (under the column “Without R. P.”) and the case with return predictability (under the column
“With R. P.”). Baseline parameter values: T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895,
τ � 0.25, z0 � η � 0.026, and α � θ � 0. When we change the value of the risk-free rate r, we also change the value of μ0 so that the average risk
premium μ0 − r remains unchanged.
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this result as follows. First, the hedging demand in-
duced by return predictability increases the investor’s
stock allocation so that the tax-deferral option enables
her to earn more time value of taxes. Second, as de-
ferred capital gains tax is similar to a loan, deferring its
realization can increase the leverage ratio of the in-
vestor’s portfolio. This is beneficial when the investor
demands more leverage under a binding no-borrowing
constraint.

To further demonstrate the second point above, we
calculate VTD in the FR case with a zero risk-free rate.
Ben Tahar et al. (2010) show that in this case with
unlimited ability to borrow, the investor has no in-
centive to defer taxes and VTD is zero. Interestingly, we
find that in the presence of return predictability and
the no-borrowing constraint, VTD in this case still has
a positive value of 0.014. If we remove the no-bor-
rowing constraint, the numerical estimate on VTD is
0.001, which is very close to its theoretical value of
zero. This confirms that in our model with return pre-
dictability and no-borrowing constraint, deferring
taxes indeed provides extra benefit by increasing
leverage.31

We also find that VTDs in the FC case are greater
than those in the FR case across all scenarios, with or
without return predictability. This is consistent with
Dai et al. (2015), who argue that there is an additional
source of VTD in the FC case: it can make some of the
future losses effectively rebatable.

We report in Table 4 the results on VTD for alter-
native parameter values. Generally, these comparative
static results are consistent with those reported in Table 3.
For example, VTD increases with the loading parameter
μ1 and the volatility of the return predictor σz, and de-
creases with the correlation between price shocks and
predictor shocks ρ. This is because the mechanisms
that generate greater VTD become stronger when the
value ofμ1 or σz increases, orwhen the value of ρ becomes
more negative.
Next we examine the effect of the no-borrowing

constraint on VTD. We find that removing the no-
borrowing constraint leads to smaller (greater) VTD in
the FR (FC) case. This is a very interesting finding, and
we explain it as follows. In the FR case, there is a positive
side of continuously realizing gains (and buying back
some shares if necessary): the investor can reset the cost
basis to a higher level and claim a larger amount of
rebate if loss occurs in the subsequent period. As pre-
viously argued, losses are more likely to associate with
high expected return states in which the no-borrowing
constraint is likely to bind. The no-borrowing constraint
then reduces this positive effect by restraining the
amount of rebate that the investor can claim, and results
in greater VTD. In contrast, this positive effect of gains
realization is absent in the FC case because the investor
cannot claim losses rebate. Thus, VTD is smaller in the
presence of the no-borrowing constraint because of the
lower level of stock allocation.

Table 4. Value of Tax Deferral

A: The FR case B: The FC case

Without R. P. With R. P. Without R. P. With R. P.

Baseline case 0.017 0.038 0.045 0.065
μ1 × 0.9 — 0.036 — 0.064
μ1 × 1.1 — 0.040 — 0.065
σz � 0.004 — 0.033 — 0.063
σz � 0.006 — 0.041 — 0.065
ρ � 0 — 0.010 — 0.033
ρ � −0.8 — 0.032 — 0.058
ρ � −0.95 — 0.042 — 0.068
r � 0 0.000 0.014 0.038 0.049
r � 0 with unlimited borrowing 0.000 0.001 0.038 0.060
r � 0.02 0.010 0.028 0.042 0.058
r � 0.04 0.023 0.047 0.048 0.071
γ � 4 0.022 0.053 0.072 0.081
γ � 8 0.012 0.027 0.032 0.051
τ � 0.15 0.009 0.021 0.027 0.040
τ � 0.35 0.026 0.055 0.061 0.085
σS � 0.2 0.010 0.013 0.029 0.039
σS � 0.25 0.006 0.008 0.021 0.024
Base case with unlimited borrowing 0.017 0.030 0.045 0.072
T � 20 0.049 0.156 0.092 0.197

Notes. This table shows the VTD. We report the results in both the cases without return predictability (under the column “Without R. P.”) and
with return predictability (under the column “With R. P.”). Baseline parameter values: T � 10, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147,
g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, τ � 0.25, z0 � η � 0.026, and α � θ � 0. When we change the value of the risk-free rate r, we also
change the value of μ0 so that the average risk premium μ0 − r remains unchanged.
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When we increase the investment horizon to T � 20,
VTD is also significantly increased (from 0.038 to 0.156
in the FR case, and from 0.065 to 0.197 in the FC case).
Our model assumes that the investor liquidates her
stock position at the end of her investment horizon, so
deferring tax is more valuable when the time-to-horizon
is longer. In addition, with a longer horizon, the hedging
demand can induce a stronger demand for leverage for
a longer period of time.32 Therefore, the leverage effect of
deferring capital gains tax is also stronger. This explains
why the increase in VTD is muchmore substantial in the
cases with return predictability.

4.5. A Brief Discussion of the Asset Location Puzzle
The finding that return predictability can significantly
increase the utility loss due to capital gains tax and the
value of tax deferral motivates a brief discussion of the
well-known “asset location puzzle”—that is, the phe-
nomenon that many investors hold both bonds and
stocks in their taxable and tax-deferred accounts. The
literature argues that such asset location decisions
are tax inefficient, as the interests generated by bonds
are usually taxed at a higher rate than the capital gains
on stocks (e.g., Dammon et al. 2004 and Huang 2008).
The models used in previous studies generally assume
i.i.d. stock returns and hence the investor has no market-
timing incentive. However, in a model that assumes
return predictability, the investor can conduct market-
timing more efficiently in a tax-deferred account where
the tension between market-timing and tax-timing is
relieved. If the benefit of conducting market-timing in
a tax-deferred account exceeds the cost of holding bonds
in a taxable account, it may be rational to locate stocks
in the tax-deferred account and bonds in the taxable
account. The incentives behind the “asset location
puzzle” thus deserve further investigation. However, a
formal verification of this intuition requires a much
more sophisticated framework that explicitly models
the asset location choice between a taxable account and
a tax-deferred account. This is beyond the scope of the
current paper, and we leave it for future studies.

5. Further Discussions
In this section we briefly discuss variations of the
baseline model.

5.1. Effect of Intertemporal Consumption
Wefirst examine a casewith intertemporal consumption.
Assuming the investor has a time discounting factor of
β> 0, we solve the following problem:

max
It,Mt,Ct

E
[ ∫

T

0
e−βtu(Ct)dt + e−βTu( f (xT, yT, kT; l))

]
, (19)

subject to the following modified budget constraint on
bond position

dxt � (rxt− − Ct)dt − (1 + θ)dIt + f (0, yt−, kt−; l)dMt, (20)

Equations (4) and (5), and the no-borrowing and no-
short selling constraints.
The optimal trading policies in the consumption case

are qualitatively similar to those in the no-consumption
case; thus, we do not report them again to save space.33

We instead focus on the CEWL due to tax and the VTD.
We report in Table 5 the results on CEWL and VTD in
both the consumption case and the no-consumption
case. Our two main findings are first that both the CEWL
and theVTD are smaller inmagnitude in the consumption
case, because consumption reduces the wealth level
and the amount of stock investment (recall that the
investor is subject to no-borrowing constraint). This in
turn reduces the impact of capital gains tax. Second, the
CEWL and the VTD are still larger in magnitude when
return predictability is present, as the investor must still
mitigate the tension between market- and tax-timing
incentives in the presence of intertemporal consumption.
Our intuition from the no-consumption case also still
applies.
We note that when we include intertemporal

consumption, the value of tax deferral in the presence
of return predictability decreases substantially. We
explain this result as follows. First, deferring capital
gains in low expected return states will result in low
consumption level in such states, and will thus re-
duce the smoothness of consumption across both low
and high expected return states. Tax deferral is there-
fore less valuable in low expected return states. Second,
the need to finance intertemporal consumption in the
presence of capital gains tax reduces the investor’s de-
mand for leverage even when the expected return is
high. This in turn reduces the benefit of increasing le-
verage provided by deferring capital gains taxes.34

5.2. Asymmetric Taxation of Long-term/Short-
term Investments

In the United States, short-term capital gains (with
a holding time of less than one year) are taxed at the
investor’s marginal ordinary income tax rate, while
long-term capital gains (with a holding time of longer
than one year) are taxed at a lower capital gains tax rate.
Our model does not incorporate this asymmetric taxa-
tion of short-term and long-term capital gains because of
tractability considerations.35 Fortunately, we can quali-
tatively discuss the potential impact of asymmetric long-
term/short-term taxation.
In a model with asymmetric taxation, the inves-

tor has an extra incentive to defer short-term gains to
long-term gains so that she can enjoy the lower tax rate
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for long-term investment. As the long-term tax rate is
usually substantially lower than the short-term tax rate,
the investor will respond strongly to this incentive.
However, it is likely that the strength of return pre-
dictability is uncorrelated to the investor’s stock
holding period, so implementing this kind of tax-
timing strategy is still at the cost of enduring periods
with low expected returns. A much larger utility loss
due to capital gains tax can thus still be expected in
the presence of return predictability. Similarly, the
mechanisms that generate greater value of tax deferral
presented in Section 4.4 still apply to a model with
asymmetric long-term/short-term taxation, and hence
the value of tax deferral is also likely to be greater in
the presence of return predictability.

5.3. Uncertainty in Return Predictability and Future
Tax Regime

The innovative argument in our study is that the asset
return process, in particular the presence of return
predictability, can have important implications for the
utility loss due to capital gains tax and the value of
deferring capital gains realization.We derive this result
from a model with a constant level of return predict-
ability. In reality, the strength of return predictability
changes over time. Our analysis then demonstrates
that capital gains tax can have very different implications
during periods with strong rather than weak return
predictability.

Xia (2001, p. 206) argues that “The controversy sur-
rounding stock return predictability is symptomatic of the
fact that the predictive relation is quite uncertain.” So what
will happen if we introduce uncertainty on return pre-
dictability into our model? As the investor still needs to
handle the tension between market- and tax-timing,
our main results should remain qualitatively true.
However, as Xia (2001) shows, with such uncertainty
the optimal allocation is less sensitive to the return
predictor as the investor needs to hedge against the risk
of mis-estimation. Therefore, we expect that the mag-
nitude of the effects reported in this paper would be

smaller when we incorporate the uncertainty in the
predictive relation.
Our model assumes a constant tax rate over the in-

vestment horizon.Whatwill happen if the tax regime can
be time varying? We believe that in a model with a time-
varying tax regime, return predictability can still increase
the utility loss due to capital gains tax and the value of
deferring capital gains realization. To illustrate this point,
we can consider a simple case with only two possible tax
regimes: a high tax regime and a low tax regime.
We first consider the utility loss due to capital gains

tax. In our model, the presence of return predictability
increases this utility loss through two channels. First,
the hedging demand increases the investor’s stock al-
location, so the investor is likely to incur more tax bills.
Second, due to the negative correlation between
price shocks and predictor shocks, deferring taxes by
holding gains can expose the investor to low ex-
pected returns. In the model with two tax regimes,
the hedging demand is still at work, and so the first
channel does not change. The investor will realize
more gains under the low tax regime and defer more
gains under the high tax regime. This implies that the
second effect will be weaker under the low tax rate
regime, but stronger under the high tax rate regime.
The average effect is likely to be similar to what is
obtained from our baseline model. We can therefore still
expect a greater utility loss when return predictability is
present.
Next we consider the value of deferring capital gains

realization. In our model, there are two major mech-
anisms that lead to greater value of deferral. First, the
investor invests more wealth in the stock due to the
hedging demand, so the tax-deferral option enables her
to earn more time value of taxes. Second, deferring cap-
ital gains tax can increase the leverage ratio of the in-
vestor’s portfolio when she demands more leverage
under a binding no-leverage constraint. These two
mechanisms remain the same in the model with two tax
regimes. Thus, similar effects of return predictability on
the value of tax deferral can be expected in the model
with two tax regimes.

Table 5. CEWL and VTD: The Effect of Consumption

A: The FR case B: The FC case

Without R. P. With R. P. Without R. P. With R. P.

CEWL
No consumption case 0.076 0.184 0.094 0.200
Consumption case 0.038 0.082 0.044 0.092

VTD
No consumption case 0.049 0.156 0.092 0.197
Consumption case 0.016 0.038 0.032 0.046

Notes. This table reports the CEWL due to capital gains tax and the VTD in both cases with or without intertemporal consumption. Baseline
parameter values: T � 20, γ � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, η � 0.026, σz � 0.005, ρ � −0.895, τ � 0.25, and
z0 � η � 0.026. The time discounting factor for the consumption case is set at β � 0.05.
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5.4. Is Market-Timing Still Valuable with the “Step-
up” Provision?

The tax codes in the United States stipulate that on the
death of an inheritee, the beneficiary can reset the cost-
basis of inherited assets to their current market prices
so that the inheritee’s tax liability is waived. This is
known as the “step-up” provision. If the investor’s
objective is to maximize her beneficiary’s utility, she
will thus have a stronger incentive to defer capital gains
realization. An important benchmark strategy is thus to
simply realize all losses and defer all gains. However, in
the presence of time-varying expected return, deferring
all gains unconditionally may result in over-investment
in states with low expected returns. Thus, implementing
this strategy can be costly. The framework presented in
this paper enables us to assess this cost.

We assume the investor maximizes the following
objective function:

E
(xT + yT − (1 − l)τ(yT − kT)1yT < kT )1−γB

1 − γB

[ ]
, (21)

where γB is the beneficiary’s risk aversion coefficient
and l � 0 or 1 corresponds to the FR case or the FC
case as before.36 We compute the CEWL δ2 from
adopting the benchmark strategy from the following
equation:

Ĵ 0(1, 0, 0, z0, 0) � Ĵ(1 − δ2, 0, 0, z0, 0), (22)

where Ĵ 0(x, y, k, z, t) is the indirect utility function gen-
erated by the benchmark strategy and Ĵ (x, y, k, z, t) is
the value function associated with the optimization
problem above. This CEWL then captures the value of

market-timing in the presence of return predictability
and the step-up provision.
We show in Figure 7 the CEWL δ2 against the in-

vestment horizon T for three levels of capital gains tax
rate τ. First, the CEWL increases in the investment
horizon, because the longer the horizon, themore likely
it will be that deferring gains will expose the investor to
low expected returns. Second, the CEWL decreases in
the capital gains tax rate, because the higher the tax
rate, the larger the benefit provided by deferring gains
and resetting the cost basis at death. These results
suggest that market-timing can still be valuable to the
investor even when she has a strong tax-deferral in-
centive induced by the step-up provision. For example,
in the FR (FC) casewith a tax rate of 25%, the CEWL can
account for 2.5% (2%) of the investor’s wealth level
when she has a remaining investment horizon of 20
years.37

6. Conclusion
We study an optimal portfolio choice problem in the
presence of return predictability and capital gains tax.
We argue that the empirically estimated negative cor-
relation between shocks on asset price and shocks on
return predictor creates a tension between market- and
tax-timing. We show that the optimal trading policy
exhibits several salient features. First, the investor vol-
untarily defers capital gains realization, as long as the
risk exposure does not deviate excessively from a target
level, as a response to her tax-timing incentive. Second,
there is a positive relation between the target risk ex-
posure and the expected return of the stock, which re-
veals the investor’s market-timing incentive. In addition,

Figure 7. CEWL from Adopting the Benchmark Strategy

Notes. This figure shows the CEWL from adopting the benchmark strategy rather than the optimal strategy, in the presence of a “step-up”
provision that allows the beneficiary to reset the cost basis of inherited assets to their market prices at the time of the inheritee’s death. Parameter
values: γB � 6, r � 0.031, μ0 � 0.116, μ1 � 4.397, σS � 0.147, g1 � 0.141, z0 � η � 0.026, σz � 0.005, and ρ � −0.895.
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compared with a myopic trading policy, the optimal
trading policy makes the investor respond less fre-
quently to changes in expected returns to mitigate the
tension between market- and tax-timing incentives. We
also show that it is economically important to adopt the
optimal policy. An investor with a horizon of 10 years
and a relative risk aversion coefficient of 6will effectively
lose about 5% of her initial wealth by adopting the
myopic policy.

Our model suggests that an empirically plausible
level of return predictability can substantially increase
the magnitude of utility loss due to capital gains tax.
In the presence of return predictability, deferment of
capital gains taxes can result in over-investment during
periods with low expected returns, and hence can ad-
versely affect the efficiency of market-timing. This will
impose additional cost on the investor. The value of
deferring capital gains realization is also greater when
return predictability is present. In particular, we find
that deferring capital gains realization can provide
extra benefits by increasing the leverage ratio of the
investor’s portfolio when she demands more leverage
under a binding no-borrowing constraint. Overall, our
results suggest that the nature of the asset return process
can have important implications for the welfare effects of
capital gains tax.
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Appendix
The content of this appendix is as follows. In Appendix A.1
we present a set of theoretical analyses of our model. In
Appendix A.2 we describe our parameter estimation method.
In Appendix A.3 we show the optimality of wash-sale in the
FR case when the investor has capital loss and when the
transaction cost is absent. In Appendix A.4 we characterize
the indirect utility function when the investor never defers
capital gains realization.

A.1. Theoretical Analyses
A.1.1. AHeuristic Derivation of theHJBEquation (10). To
derive Equation (10) we begin by approximating the buy and
sell processes by dIt � itdt, dMt � mtdt with 0 ≤ it,mt ≤ N. As
such, the associated budget constraints read

dxt � rxt−dt − (1 + θ)itdt + f (0, yt−, kt−; l)mtdt, (A.1)
dyt � (μ0 + μ1(zt− − η))yt−dt + σSyt−dBS

t + itdt − yt−mtdt,

(A.2)
dkt � (1 + θ)itdt − kt−mtdt + l kt− − (1 − α)yt−( )+mtdt. (A.3)

We denote the approximated value function by JN(x, y, k, z, t).
Then, the Bellman principle of optimality suggests that

sup
0≤m,i≤N

∂tJN ++m,iJN � 0, (A.4)

where

+m,iJN � rx∂xJN + (μ0 + μ1(z − η))y∂yJN + 1
2
σ2Sy

2∂yyJN

+ g1(η − z)∂zJN + 1
2
σ2z∂zzJ

N + ρσSσzy∂yzJN

+ (−(1 + θ)∂xJN + ∂yJN + (1 + θ)∂kJN)i
+ ( f (0, y, k; l)∂xJN − y∂yJN

+ (l k − (1 − α)y( )+− k)∂kJN)m.

Taking the superimum over m and i, one obtains

∂tJN + rx∂xJN + (μ0 + μ1(z − η))y∂yJN + 1
2
σ2Sy

2∂yyJN

+ g1(η − z)∂zJN + 1
2
σ2z∂zzJ

N + ρσSσzy∂yzJN

+ (−(1 + θ)∂xJN + ∂yJN + (1 + θ)∂kJN)+N
+ ( f (0, y, k; l)∂xJN − y∂yJN + (l k − (1 − α)y( )+− k)∂kJN)+N
� 0.

Therefore, if

−(1 + θ)∂xJN + ∂yJN + (1 + θ)∂kJN < 0,

and

f (0, y, k; l)∂xJN − y∂yJN + (l k − (1 − α)y( )+− k)∂kJN < 0,

one must have

∂tJN + rx∂xJN + (μ0 + μ1(z − η))y∂yJN

+ 1
2
σ2Sy

2∂yyJN + g1(η − z)∂zJN + 1
2
σ2z∂zzJ

N + ρσSσzy∂yzJN � 0.

Intuitively, limN→∞ JN � J; hence, we must also have

∂tJ + rx∂xJ + (μ0 + μ1(z − η))y∂yJ + 1
2
σ2Sy

2∂yyJ + g1(η − z)∂zJ

+ 1
2
σ2z∂zzJ + ρσSσzy∂yzJ ≤ 0,

−(1 + θ)∂xJ + ∂yJ + (1 + θ)∂kJ ≤ 0,

and
f (0, y, k; l)∂xJ − y∂yJ + (l k − (1 − α)y( )+ − k)∂kJ ≤ 0.

Otherwise, one can derive a contradiction when N is large
enough. In addition, if

−(1 + θ)∂xJ + ∂yJ + (1 + θ)∂kJ < 0,

and
f (0, y, k; l)∂xJ − y∂yJ + (l k − (1 − α)y( )+− k)∂kJ < 0,

one must have

∂tJ + rx∂xJ + (μ0 + μ1(z − η))y∂yJ + 1
2
σ2Sy

2∂yyJ

+ g1(η − z)∂zJ+ 1
2
σ2z∂zzJ + ρσSσzy∂yzJ � 0.

This completes the derivation.

A.1.2. Dimensional Reduction and Verification. In this
subsection we illustrate the dimensional reduction of the
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HJB equation and the verification argument. Because of the
homogeneity of the utility function, there exists a function
φ(b, π, z, t) such that

J(x, y, k, z, t) � 1
1 − γ

(x + y)1−γe(1−γ)φ(b,π,z,t),

where b � k
(1−α)y and π � y

x+y . Then, it follows that φ(b, π, z, t)
solves the following equation:

max{+1φ + φt, @1φ, 61φ} � 0, (A.5)

on the domain Σ � {(b, π, z, t) ∈ [0,∞) × [0, 1] × (−∞,∞)×
[0,T]}, with

+1φ � 1
2
σ2Sπ

2(1 − π)2[φππ + (1 − γ)φ2
π]

+ 1
2
σ2Sb

2[φbb + (1 − γ)φ2
b] +

1
2
σ2z[φzz + (1 − γ)φ2

z]
− σ2Sπ(1 − π)b[φπb + (1 − γ)φπφb]+ ρσSσzπ(1 − π)[φπz + (1 − γ)φπφz]− ρσSσzb[φbz + (1 − γ)φbφz]
+ [(μ0 + μ1(z − η) − γσ2Sπ − r)π(1 − π)]φπ

+ [−(μ0 + μ1(z − η)) + σ2S(1 − (1 − γ)π)]bφb

+ [g1(η − z) + (1 − γ)ρσSσzπ]φz −
1
2
γσ2Sπ

2

+ (μ0 + μ1(z − η) − r)π + r,

@1φ � −θπ + 1 + θ

1 − α
− b

( )
φb + π(1 + θπ)φπ,

and
61φ � f (−1, 1, (1 − α)b; l)π + l(b − 1)+φb− [1 + f (−1, 1, (1 − α)b; l)π]πφπ,

where f (·, ·, ·; l) is defined by (6). The terminal condition reads

φ(b, π, z,T)� log 1 − απ − τ(1 − α)π (1 − l)([
· (1 − b) + l(1 − b)+)]. (A.6)

Equation (A.5) splits the solution domainΣ into three regions:
a buy region

BR ≡ {(b, π, z, t) : @1φ � 0}; (A.7)

a sell region

SR ≡ {(b, π, z, t) : 61φ � 0}; (A.8)

and a no-transaction region

NTR ≡ {(b, π, z, t) : @1φ< 0, 61φ< 0}. (A.9)

Given these regions, the following verification theorem char-
acterizes the value function and the optimal trading strategy.

Proposition 1. Let φ(b, π, z, t) be a solution to Equation (A.5)
with terminal condition (A.6) satisfying certain regularity con-
ditions, with the trading regions defined by (A.7)–(A.9). Then the
optimal trading policies (I∗t ,M∗

t) are given by

I∗t �
∫ t

0
1{(b,π,z,s)∈∂BR⋂∂NTR}dI∗s ,

and

M∗
t �

∫ t

0
1{(b,π,z,s)∈∂SR⋂∂NTR}dM∗

s.

In addition, define

V(x, y, k, z, t) � 1
1 − γ

(x + y)1−γe(1−γ)φ
(

k
(1−α)y ,

y
x+y ,z,t

)
,

then V(x, y, k, z, t) coincides with the value function J(x, y, k, z, t).
The proof of the above verification theorem is similar to

that in Dai et al. (2015); thus, we omit it to save space.

A.2. Parameter Estimation Method
We recall that the dynamics for the stock price St and the
dividend yield zt are as follows:

dSt
St

� (μ0 + μ1(zt − η))dt + σSdBS
t , (A.10)

dzt � g1(η − zt)dt + σzdBz
t , (A.11)

whereE[dBz
t dB

S
t ] � ρdt.We therefore estimate a VAR regression

for the annualized stock return Ri and the dividend yield zi:

Ri � μ0 − μ1η + μ1zi−1 + ε1i :� a1 + B1zi−1 + ε1i,

zi � η(1 − e−g1/12) + e−g1/12zi−1 + ε2i :� a2 + B2zi−1 + ε2i,

for i � 2, 3, . . . , n. We can rewrite the preceding equations in
matrix form:

R2 z2
R3 z3
..
. ..

.

Rn zn

0
BBB@

1
CCCA �

1 z1
1 z2
..
. ..

.

1 zn−1

0
BBB@

1
CCCA

a1 a2
B1 B2

� �
+

ε12 ε22
ε13 ε23
..
. ..

.

ε1n ε2n

0
BBB@

1
CCCA,

or

Z � XC + E.

Then, the estimated coefficients are Ĉ � (X′X)−1X′Z and the
residual is Ê � Z − XĈ. We denote by σε1 and σε2 as the
standard deviation of the two column vectors of Ê. Then, the
volatility of the dividend yield is σz � σε2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2g1/(1 − e−g1/6)√

,
and the correlation coefficient between the two column
vectors of Ê is ρ.

A.3. Optimality of Wash-Sale in the FR Case Without
Transaction Cost

In the FR case without transaction cost, by (3)–(5), the net
wealth process Wt � f (xt, yt, kt; 0) satisfies the dynamic

dWt � rWtdt + (1 − τ)yt−[(μ0 + μ1(zt − η) − r)dt + σSdBS
t ]− rτkt−dt.

(A.12)

Besides, it is clear that if (x, y, k, z) ∈ 6 � [0,∞) × [0,∞)×
[0,∞) × (−∞,∞), then Wt ≥ 0. We denote by !t(x, y, k, z) the
set of all admissible strategies starting from time t ∈ [0,T)
with initial endowment (x, y, k, z) ∈ 6. The following propo-
sition shows that it is optimal to conduct a wash sale whenever
the basis-price ratio b � k

y exceeds 1—that is, the investor has
capital losses. Its proof is a variation of the proof of proposition
3.5 in Ben Tahar et al. (2010).

Proposition 2. Consider some (x, y, k, z) ∈ 6 and (I,M) ∈
!t(x, y, k, z). Assume that the resultant processes k(I,M)

ξ > y(I,M)
ξ

a.s. for some finite stopping time ξ. Then, there exists an
admissible strategy (Ĩ, M̃) ∈ !t(x, y, k, z) such that

y(Ĩ,M̃) � y(I,M), ΔM̃ − ΔM � (1 − ΔMξ)1{ξ},
J(x, y, k, z, t; Ĩ, M̃)> J(x, y, k, z, t; I,M),
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where J(x, y, k, z, t; I,M) is the resultant expected utility by
adopting (I,M), and ΔM is the jump of M.

Proof. Set (Ĩ, M̃) � (I,M) + (yξ, 1)(1 − ΔMξ)1{s≥ξ}. It is easy to
verify that

ΔĨ − ΔI � yξ(1 − ΔMξ)1{ξ}, ΔM̃ − ΔM � (1 − ΔMξ)1{ξ}.
That is, for s �� ξ, ΔĨ � ΔI and ΔM̃ � ΔM; for s � ξ, ΔĨξ �
ΔIξ + yξ(1 − ΔMξ) and ΔM̃ξ � 1. The latter follows that ΔĨξ −
yξΔM̃ξ � ΔIξ − yξΔMξ—that is, Δy(Ĩ,M̃)

ξ � Δy(I,M)
ξ . Obviously,

the above observations imply that y(Ĩ,M̃) � y(I,M). And ΔM̃ ≤ 1
indicates that k(Ĩ,M̃) ≥ 0. Since (Ĩ, M̃) and (I,M) differ only by ξ,
we have

W(Ĩ,M̃)
s , k(Ĩ,M̃)

s , x(Ĩ,M̃)
s

( )
� (

W(I,M)
s , k(I,M)

s , x(I,M)
s

)
for s<ξ.

Since W(Ĩ,M̃) and W(I,M) have continuous paths by (A.12),

W(Ĩ,M̃)
ξ � W(I,M)

ξ . Due to ΔM̃ξ � 1, we have k(Ĩ,M̃)
ξ � y(Ĩ,M̃)

ξ �
y(I,M)
ξ < k(I,M)

ξ , and thus, x(Ĩ,M̃)
ξ > x(I,M)

ξ .

Denote Δk � k(Ĩ,M̃) − k(I,M) and ΔW � W(Ĩ,M̃) −W(I,M). Then
Δkξ < 0 and ΔWξ � 0. We directly compute from (5) that

Δks � Δkξe−M
c
s+Mc

ξ ∏
ξ< q≤s

(1 − ΔMq)< 0 for s> ξ.

It suggests that k(Ĩ,M̃) ≤ k(I,M). We directly compute from (A.12)
that

e−rsΔWs � −rτ
∫ s

ξ
e−rqΔkqdq> 0 for s> ξ.

It proves that W(Ĩ,M̃) >W(I,M) for s> ξ. In addition to y(Ĩ,M̃) �
y(I,M) and k(Ĩ,M̃) ≤ k(I,M), we must have x(Ĩ,M̃) > x(I,M) for s>ξ.
Hence, (Ĩ, M̃) ∈!t(x,y,k,z) and J(x,y,k,z, t; Ĩ,M̃)> J(x,y,k,z, t;
I,M).

A.4. Value Functions Without Deferring Capital
Gains Realization

In this section we characterize the value functions when the
investor never defers capital gains realization. In this analysis
we assume zero transaction cost rate—that is, α � θ � 0.

A.4.1. The FR Case. In the FR case, if the investor never
defers capital gains realization then, similar to Dai et al.
(2015), it can be shown that she effectively solves the fol-
lowing problem:

max
0≤yt≤Wt

E[u(WT)], (A.13)

subject to the budget constraint

dWt � rxtdt + (1 − τ)yt(μ0 + μ1(zt − η))dt + (1 − τ)σSytdBS
t .

(A.14)

Because of the no-borrowing and no-short-selling constraints,
the model cannot be solved in closed form. Therefore, we
solve this problem by numerical method.38

Remark. Here we explain why in the presence of the no-
borrowing constraint, the value of tax deferral can be positive
in the FR case even when the risk-free rate r � 0. To see this,

note that in this case both Equations (A.12) and (A.14) reduce
to

dWt � (1 − τ)yt(μ0 + μ1(zt − η))dt + (1 − τ)σSytdBS
t , (A.15)

and the investor optimally chooses the process yt to maximize
E[u(WT)]. If the investor never defers capital gains realization,
she is subject to a tight portfolio constraint yt ≤ Wt; if the
investor can defer capital gains realization, she is subject
to a looser portfolio constraint yt ≤ Wt + τ(yt − kt). Therefore,
optimally deferring capital gains realization helps loosen
the investor’s portfolio constraint and enables her to derive
higher utility level. The value of tax deferral can thus be
positive.

A.4.2. The FC Case. In the FC case, not deferring any gains
realization requires the investor to sell the entire stock
holdings before any purchase or sale can be made. In what
follows, we derive a partial different equation satisfied by the
function JND(x, y, k, z, t).

We firstly claim that incessant trading is necessary for k> y.
Define Wt � xt + yt and At � xt + kt. By dynamics (3)–(5), it is
easy to verify

dWt � [rWt + (μ0 + μ1(zt − η) − r)yt]dt + σSytdBS
t ,

dAt � r(Wt − yt)dt,
for kt > yt. Hence, Wt and At can be chosen as the new state
variables, and the value function can be rewritten as

JND(W,A, z, t) � max
0≤yt≤Wt

Et u(WT)[ ],
which is governed by

max
0≤y≤W

{
∂tJND + [rW + (μ0 + μ1(z − η) − r)y]∂WJND

+ 1
2
σ2Sy

2∂WWJND + r(W − y)∂AJND + g1(η − z)∂zJND

+ 1
2
σ2z∂zzJ

ND + ρσSσzy∂yzJND
}
� 0,

withA>W > 0 and terminal condition JND(W,A, z,T) � u(W).
Accordingly, if we define a function ψ1(ζ, z, t) as follows

JND(W,A, z, t) � W1−γ

1 − γ
e(1−γ)ψ1(ζ,z,t),

with ζ � W
A ∈ [0, 1), then ψ1(ζ, z, t) satisfies

max
π

∂tψ1 ++2ψ1
{ } � 0 (A.16)

in 0 ≤ ζ< 1, and
−∂ζψ1 � τ (A.17)

at ζ � 1, where the operator +2 is given by

+2ψ � 1
2
σ2Sπ

2ζ2[ψζζ + (1 − γ)ψ2
ζ] +

1
2
σ2z[ψzz + (1 − γ)ψ2

z]
+ ρσSσzπζ[ψζz + (1 − γ)ψζψz]
+ [(1 − γ)σ2Sπ2 + (μ0 + μ1(z − η) − r)π + r

− r(1 − π)ζ]ζψζ + [g1(η − z) + (1 − γ)ρσSσzπ]ψz

− 1
2
γσ2Sπ

2 + (μ0 + μ1(z − η) − r)π + r.

(A.18)
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The boundary condition (A.17) is implied by Equation (A.20)
below. In addition, the optimal strategy π∗ is given by the
first-order condition of (A.16). The above derivation indicates
incessant trading for k> y. More specifically, when a loss
occurs, the investor sells the entire stock holdings and buys
back tomake the fraction of wealth in stock equal to π∗, which
is implied by (A.16) and (A.17). That is,

(x, y, k) → (x + y, 0, k − y)
→ ((1 − π∗)(x + y), π∗(x + y), k − y + π∗(x + y)).

After rebalancing, the basis-to-price ratio b∗ is still greater
than 1.39 Note that if the investor buys back the same amount
of the stock as she held before the sale, she does not adjust her
stock holdings at all.

When there is a gain, the optimal strategy is

(x, y, k) → (W, 0, 0) → ((1 − π∗)W, π∗W, π∗W),
where W � x + y − τ(y − k), because the investor does not
defer gains realization. Therefore, the value function satisfies

JND(x, y, k, z, t) � JND((1 − π∗)W, π∗W, π∗W, z, t), (A.19)

which holds for all π∗ ∈ [0, 1]. We rewrite the value function as

JND(x, y, k, z, t) � (x + y)1−γ
1 − γ

e(1−γ)ψ2(b,π,z,t), for k< y.

By (A.19) it is easy to obtain

ψ2(1, π, z, t) − ψ2(b, π, z, t)
1 − b

� − log[1 − τπ(1 − b)]
1 − b

.

As b → 1,

∂bψ2(1, π, z, t) � τπ. (A.20)

By rewriting ψ2(b, π, z, t) � ψ1(ζ, z, t) for b ≥ 1 and assuming
the first order derivative with respect to b is continuous, we
can obtain the boundary condition (A.17). This completes our
derivation.

Endnotes
1 See, for example, Keim and Stambaugh (1986), Campbell (1987),
Campbell and Shiller (1988a, 1988b), Fama and French (1988, 1989),
Campbell (1991), Lettau and Nieuwerburgh (2008), Cochrane (2008),
and Golez and Koudijs (2018), among many others.
2 See Kandel and Stambaugh (1996), Barberis (2000), Xia (2001),
Diether et al. (2009), Wachter and Warusawitharana (2009), and
Lynch and Tan (2010).
3 For example, Campbell andViceira (1999), Stambaugh (1999), Barberis
(2000), Xia (2001), and Huang and Liu (2007) all document a negative
correlation between the changes in stockmarket return and the changes
in the predictive variable considered. Empirical estimates of such a
correlation typically range from –0.62 to –0.93, depending on the pre-
dictive variable and sample period.
4The literature finds that multiple variables, including past returns,
dividend yield, earnings–price ratio, nominal interest rates, and ex-
pected inflation, may exhibit predictive power on future equity returns.
For tractability reason, we consider a case with a unique return pre-
dictor in this study.
5 If we incorporate transaction cost, then the investor will tolerate risk
exposures close to the target exposure to reduce her transaction cost

bills—see, for example,Davis andNorman (1990), Liu andLoewenstein
(2002), and so forth.
6This target exposure may differ from that in the absence of capital
gains tax—see, for example, Cai et al. (2018).
7As expected, if we include both transaction cost and capital gains
tax, then the investor will defer more capital gains realization, and
some capital losses realization, to reduce her transaction-cost bills.
However, in this case it will be impossible to distinguish the deferral
of gains realization due to capital gains tax from that due to trans-
action cost.
8 See, for example,Dammonet al. (1989),Chay et al. (2006),Dai et al. (2015),
and Cai et al. (2018).
9 See for example, Shoven and Sialm (2003), Dammon et al. (2004),
and Fischer and Gallmeyer (2017). Garlappi and Huang (2006) argue
that such allocation can be optimal if the investor faces portfolio
constraints.
10We thank an anonymous referee for suggesting that we examine
this question under our framework.
11 See, for example, DeMiguel and Uppal (2005) and Dai et al. (2015).
For examples of the exact cost basis system and the average cost basis
system, interested readers are referred to footnotes 10 and 16 in Dai
et al. (2015).
12Like Dai et al. (2015), we interpret the risky stock as an exchange
traded fund (ETF) that represents a diversified portfolio of the stock
market.
13 See, for example, Dammon et al. (2001, 2004), Gallmeyer et al.
(2006), Dai et al. (2015), and Cai et al. (2018). The average cost basis
system is applied in Canada.
14The U.S. tax code stipulates that an investor is eligible for rebates on
capital losses up to $3,000 annually, and the remaining losses are carried
forward indefinitely to offset future capital gains. However, incorpo-
rating this limited use of capital losses will destroy the homogeneity of
the problem and make it much more difficult to solve. As the limited
losses rebate rule interpolates between the two extreme scenarios ex-
amined in our study, our model can provide reasonable upper and
lower bounds of the economic effects inwhichwe are interested. For the
effects of the limited use of capital losses, interested readers are referred
to Marekwica (2012) and Ehling et al. (2013). As Dai et al. (2015) argue,
the FR case is a more suitable model for less-wealthy investors, while
the FC case is more suitable for wealthy investors.
15When l � 0, the expression of the net wealth reads f (xt, yt, kt; l) �
xt + (1 − α)yt − τ (1 − α)yt − kt

( )
, indicating that if (1 − α)yt < kt, then

the capital losses (1 − α)yt − kt
( )

are rebated at rate τ. When l � 1, this
expression reads f (xt, yt, kt; l) � xt + (1 − α)yt − τ (1 − α)yt − kt

( )+, indi-
cating that only capital gains are taxed, while capital losses are not
rebatable. Instead, capital losses can only be used to increase the total
cost basis to offset future capital gains as implied by Equation (5).
16Although the model could be extended to incorporate consump-
tion, we use this simpler specification to demonstrate the intuition
behind our resultsmore directly. In Section 5.1we show that ourmain
results remain true in the presence of intertemporal consumption.
17The treasury bill yield data are obtained from the Federal Reserve Bank
and are available from 1960 to 2016. FollowingDammon et al. (2001), we
assume a tax rate of 0.36 on the interest to adjust the treasury bill yield.
18Research has found that other macro-economic variables, such as
the earnings–price ratio, nominal interest rates, and expected inflation,
can also predict future market returns. Motivated by Lettau and
Ludvigson (2001), we also implement a calibration based on cayt and
find qualitatively similar results.
19The complete CRSP data sample begins from January 1926. Fol-
lowing Xia (2001), we choose the postwar sample to calibrate our
baseline model. Unlike Xia (2001), however, we do not deflate the return

Lei, Li, and Xu: Joint Timing of Returns and Capital Gains Taxes
Management Science, 2020, vol. 66, no. 2, pp. 823–843, © 2019 INFORMS 841



series by CPI growth. According to the U.S. tax code, capital gains taxes
are levied on nominal quantities rather than real quantities.
20Wealso implement amaximal likelihood estimator, followingHuang
and Liu (2007), and the results are close to those we obtain from the
VAR regression.
21This is a reasonable approximation because in practice the trans-
action cost rate is usually much lower than the capital gains tax rate.
We examine the effect of positive transaction costs on the utility loss
due to capital gains tax in Section 4.3.
22Because of the no-borrowing and no-short-selling constraints, the
modelwithout capital gains tax cannot be explicitly solved, sowe also
use a numerical method to solve this model.
23 See, for example, Campbell and Viceira (1999), Lynch (2001), and
Xia (2001).
24The exact definition of these regions is presented in Section 3.2 and
Appendix A.1.2.
25The optimality of the wash sale in the FR case, in the more general
model with return predictability, is proven in Appendix A.3. We also
emphasize that the vertical axis in Figure 2 is y/(x + y) instead of
y/f (x, y, k; l); thus, the sell boundary may or may not monotonically
decrease in b. The same caution should be used in the rest of our
paper.
26We thank an anonymous referee for suggesting that we examine
the utility loss from adopting this myopic policy.
27These simulations are not intended to provide exact perfor-
mance measures for these strategies, as doing so requires us
to know the capital gains tax codes enforced each year, the tax
brackets in which the investor belongs, the returns obtained from
holding treasury bills, and the stock-trading costs. These factors
are either changing over time or are difficult to measure accurately.
28We thank an anonymous referee for suggesting thatwe examine the
robustness of our results in the presence of transaction cost.
29 See, for example, Dai et al. (2015) and Cai et al. (2018).
30The characterizations of this indirect utility function are provided in
Appendix A.4.
31Weprovide in Appendix A.4 a theoretical explanation of this result.
32 See, for example, Figure 1(b).
33They are available from the authors on request. We emphasis that
the optimal consumption rate increases in the value of the return
predictor.
34 If we incorporate other sources of consumption such as sticky labor
income, the difference in VTDs with or without return predictability
is likely to be greater. In such a case, the investor would have a
stronger incentive to defer capital gains realization because she can
smooth her consumption under low expected return regimes by
consuming her labor income. Mathematically, however, incorporating
a sticky labor income will destroy the homogeneity of the problem and
make it much harder to solve.
35Otherwise, we need to introduce the holding period of the current
stock position as another state variable, which would make the
problem computationally infeasible. Dammon and Spatt (1996) and
Dai et al. (2015) examine the tax-timing problem with asymmetric
short-term/long-term capital gains tax rates with constant expected
return on the stock.
36Because the beneficiary’s value function is proportional to
(xT + yT − (1 − l)τ(yT − kT)1yT < kT )1−γB/ 1 − γB at the time of the

inheritee’s death, maximizing the objective function (21) is equivalent
to maximizing the beneficiary’s utility at the time of the inheritee’s
death. For simplicity, we assume that the investor deceases at a fixed
time. The same argument can be extended to the model in which the
investor deceases at a random time.

37We also calculate the CEWL from adopting the benchmark policy in
the absence of return predictability.We find that themagnitude of the
CEWL in this case is tiny compared with the case with return pre-
dictability. This confirms that the CEWL in the case with return
predictability is almost exclusively due to the suboptimal risk ex-
posure under bad market conditions if the investor unconditionally
deferred all gains.
38The details are available on request.
39Note that b∗ � k−y+π∗(x+y)

π∗(x+y) � π
π∗ (b − 1) + 1> 1. If π∗ � π, then b∗ � b.
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